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The 𝑥 − coordinate of one point of intersection is  𝑥 = 0.  

The 𝑥 − coordinate of the other point of intersection is  

given by 2( 1) 2x x      for  𝑥 < −1. 
This gives    

4
.

3
x    

 

 Let   .
2

x
t          

Then the given inequality becomes 

 2 2 2 2 4.t t         

It is equivalent to  

  2 1 2 .t t    

From the graphs, we have 

            
4

0.
3

t       

      
8

0.
3

x    

 

5 

5 
2

x
t   substitution or 

equivalent  

 

correct solution seen 

5 

− 43 
2 -1 -2 

2 

𝑦 = 2|𝑥 + 1| 
𝑦 = 2 − |𝑥| 

x 

y 

5 

5 

x = 0 and 
4

3
x    seen 

Graph of 2 1y x   

Graph of 2y x   

y 

(To earn all 10 marks, the common intersection point on the 

y - axis must be seen; otherwise only 5) 
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5 

5 

 

Aliter 1: 

 

For the graphs           +       , as before. 

 

Case (i)    

 

Then, 2 2 4x x   is equivalent to 2( 2) 4x x    . 


8

3
  x . 

Hence, in this case, solutions are the values of x satisfying 
8

2
3

x    . 

 

Case (ii)      

 

Then, 2 2 4x x    is equivalent to 2( 2) 4x x   . 

 0x  . 

 

Hence, in this case, the solutions are the values of x satisfying 2 0x   . 

 

Case (iii) 

 

Then, 2 2 4x x    is equivalent to  2( 2) 4x x    

 0x   

Hence, in this case, there are no solutions. 

 

 

 The solutions of the given inequality are the values of x satisfying 
8

0.
3

x    

 5     

𝑥 ≤ −2: 

−2 < 𝑥 ≤ 0: 

𝑥 > 0: 

All 3 cases with correct solutions  

 

only 2 cases with correct solutions  5 

10 

5 

5     
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 Aliter 2: 

 

For the graphs           +         , as before. 

  

 2 2 4x x    is equivalent to  2 2x   4 x  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the graphs, 

 2 2 4x x    

 
8

0
3

x     

 

 

 

  

 

 

  5     5     

− 83 
-2 

4 𝑦 = 4 − |𝑥| 

x 

5 

both graphs 

𝑦 = 2|𝑥 + 2| 

5 

y 

0x   and 
8

3
x    seen 

5 correct solution seen 
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1 

 

 

 Arg  (1 )
4

z i


     

 

 

 

 

 

 

 

 

 

 

      Arg  ( 1)
4

i z i


    

  Arg i  Arg  (1 )
4

z i


    

  Arg  (1 )
4

z i


     

 

Now, min (2 )z i AB     

            1 cos
4


   

            
1

2
  

 

 

 

 

 

 

B 

A 

2 𝜋4 

y 

-i 

x 

𝜋4 

i 

5 

5 

5 

5 

 

Hole at 1+i 

 

Correct half line 

Breaking the argument of the product 

to a sum, and using Arg
2

i


 . 

Recognising the minimum distance  

5 Work leading to the answer  
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 Aliter: 

 

For the diagram         +          as before. 

 

Let z x iy   

Then  ( 1 ) 1 ( 1)
4

Arg iz i Arg y i x

        

 1 (1)(1 )x y    

   2.x y   

 

Now   2 2z i x iy i       

               ( 2) ( 1)x i y     

               ( 1)y i y      ( 2 )x y   

               
2 2( 1)y y    

               

2
1 1

2
2 2

y
    
 

 

  
1

,
2

 since 

2
1

2 0;
2

y
   
 

 (= 0 when 
1

2
y   ). 

  

1
min 2

2
z i     

 

 

 

 

 

 

 

  

 

 

  5     5     

5 
Writing the given information as a 

relation of x and y. 

5 
Writing the absolute value as a 

complete square of x or y. 

5 Work leading to the answer. 
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 𝑘 > 𝑂.     For   (𝑥2 + 𝑘𝑥)11
;       

 𝑇𝑟+1 = 
11 2 11 11 22 3( )

r

r r r

r r

k
C x C x k

x

    
 

     

22 − 3𝑟 = 7 5r   

 

 

   The coefficient of 𝑥7 = 11

5C  
5k  

 

For  

11

2

1
;x

x

  
 

 11

1r rT C   
11 rx 

 
11

2

1
( 1) ( 1)

r

r r

rC
x

    
 

 
11 3rx 

 

  11 3 7r       𝑟 = 6 

 

 The coefficient of 𝑥−7 11

6C  

 

 

Then, 11 11

6 5C C  
5k      gives 1,k   as 11 11

6 5C C . 

 

 

 

 

 

 

 

 

 

  

 

5 

5 

5 

5 

5 

Correct value of r  

Correct coefficient 

Correct value of r  

Correct coefficient 

Work leading to the answer 
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   lim𝑥→0   
2

tan 2 sin 2

( 1 1 )

x x

x x x


  

 

  =   lim𝑥→0   
2

sin 2
sin 2

cos 2

( 1 1 )

x
x

x

x x x



  
  ×  

 
 

1 1

1 1

x x

x x

  

  
 

  =   lim𝑥→0    sin 2

2

x

x
  ×  

2

(1 cos 2 )

cos 2

x

x x


  ×   1 1x x    

  =   ( lim2𝑥→0    sin 2

2

x

x
)  ×  lim𝑥 → 0    2

sin
2

x

x

 
 
 

× ( lim𝑥 → 0  1

cos 2x
)  ×  lim𝑥 → 0  1 1x x    

 

  =      1    ×    2   ×   1   ×   2 

 

  =      4.  

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

5 

5 5 5 

Multiplying by the conjugate 

Each limit 5 
5 

https://pastpapers.wiki/


                                                                        Confidential 

 

 

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) l Amendments to be included.          

  12 

 

 
Aliter 1: 

 

lim

0x 
    

 2

tan 2 sin 2

1 1

x x

x x x



  
 

lim

0x



   

2

sin 2 (1 cos 2 )

cos 2

x x

x x


 .   

1

1 1x x  
 ×  

1 1

1 1

x x

x x

  
  

  

lim

0x



   

2

2

sin 2 (1 cos 2 )

cos 2 (1 cos 2 )

x x

x x x




. 
1 1

2

x x

x

  
 

3
lim lim lim limsin 2 1 1

4 1 1
2 0 0 0 02 cos 2 1 cos 2

x
x x

x x x xx x x

     
                

 

 

  4   × 1   × 1   ×  
1

2
  × 2  

 

4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

5 
multiplying by the 

conjugate  

5 

 

Each limit 5 

5 5 5 
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Aliter 2: 

 

lim

0x 
    

 2

tan 2 sin 2

1 1

x x

x x x



  
 

lim

0x



  

2

1

x
 × 

2 2

2 tan 2 tan

1 tan 1 tan

x x

x x

    
 

1

1 1x x  
× 
 
 

1 1

1 1

x x

x x

  

  
  

lim

0x



   

2

2 4

2 tan (2 tan )

(1 tan )

x x

x x
. 

1 1

2

x x

x

  
 

3 3

4

lim lim lim limsin 1 1
2 1 1

0 0 0 0cos 1 tan

x
x x

x x x xx x x

      
                  

 

 

  2   ×   1    ×   1    × 1    × 2  

 

4.  

 

 

 

 

 

 

 

5 
multiplying by the 

conjugate  

5 
Each limit 

5 5 5 5 
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Area of  
2

1

lne x
S

x
    dx  

      
2

2
1 1

2 2
1

1
(ln ).2 2

e
ex x x     ×  

1
dx

x
 

          

2 1

2

1
4 2

e

e x dx


    

       
2

1

4 2 2
e

e x   

      4 4 4e e    

      4  

 

The volume required  
2

2

1

lne x
dx

x
    
   

            

2 2

1

(ln )e x
dx

x
   

            

2

3

1

(ln )

3

e

x  

            
8

3


 . 

5 

5 

5 

5 

Work leading to the answer  

Setting up the integral for S  

 

5 
Integration by parts or 

equivalent  

Setting up the integral for the 

volume 

 

Work leading to the answer 

 

 

5 
Setting up the integral for S  
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 𝑑𝑥𝑑𝑡 = 𝑐    and   
𝑑𝑦𝑑𝑡 = − 𝑐𝑡2  . ( 0.)t   

 ∴ 𝑑𝑦𝑑𝑥 =  𝑑𝑦𝑑𝑡𝑑𝑥𝑑𝑡 =  − 𝑐𝑡2𝑐 = − 1𝑡2 

 

  The gradient of the tangent at 
2

1

t p

P
t 

    =  
2

1

p
  

∴ The equation of the tangent at P: 

 
2

1c
y

p p
    ( )x cp  ∴ 2 2 .x p y cp   

The gradient of the normal at 2.P p  ∴ Equation of the normal at ;P   
2 ( )

c
y p x cp

p
    

Q ( , )
c

cq
q

  is on this line;  

 
2 ( )

c c
p cq cp

q p
       

3( ) ( )c p q p qc p q      

Since P and Q are distinct points, we have .p q  

3 1.p q               

 

Aliter: (For the last part) 

 

Gradient of PQ = Gradient of the normal line at P  

2

c c

q p
p

cq cp


 


   

3 1p q    

5 

5 

5 

5 

5 
dy

dx

 in terms of t 

 

Work leading to the answer 

 

Equation of the normal  

 

For the substitution  

 

Work leading to the answer 

 

5 For the condition  

 

5 
For the substitutions  

 

5 Work leading to the answer 

 

( , )p q c o   

https://pastpapers.wiki/
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D 

 

 

 

 

 

 

 

  

 

 

2(0) 1(9) 2( 1) 1(8)
,

2 1 2 1
C

       
 

    (3,2)  

 

The gradient of AB = 1. 

The gradient of 𝑙 = 1  ∴ Equation of  𝑙: 
 2 1( 3)y x     

i.e.  5 0.x y      (1) 

Equation of AD; ( 1) 5( 0)y x      

i.e. 1 5y x     (2) 

 

Solving (1) and (2)  

            

 

 ∴       (1,4).D   

 

 

 

 

𝑙 2 

C 

A(0,-1) 

1 

B(9,8) 

5 

5 

5 

5 

5 

Coordinates of C 

 

For the gradient of l  

 

Work leading to the equation  

of l  

 
Work leading to the coordinates 

of D 

 

(1,4)D   seen 

https://pastpapers.wiki/
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2 2 4 1 0S x y x      

Let :   2 3 0.x y    

On ,  3 2 ;x y   

 
2 2(3 2 ) 4(3 2 ) 1 0y y y       

     
25 4 2 0y y    

 

Discriminant of this quadratic  16 4(5)(2)    

 

  Since 0,   the line 2 3x y   intersects  

S at two distinct points. 

 

 

The equation of the required circle can be written as 

    

       
2 2 4 1 ( 2 3) 0x y x x y       , 

         where .  

        This circles passes through (2,0), we have 

         4 8 1 (2 3) 0      

           3     

          Equation of the required circle is  

           
2 2 4 1 ( 3)( 2 3) 0x y x x y         

 i.e.    
2 2 7 6 10 0.x y x y         

 

  

 

5 

5 

Forming a quadratic 

 

5 Writing the discriminant  

 

5 For the   form 

 

3    seen 

 

5 For 0   

 

Aliter: 

 

Perpendicular distance from the centre < radius 

Comparison  

5 5 

5 
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22cos 2 3sin cos 1x x x   

22cos 1 3(2sin cos )x x x    

cos 2 3 sin 2x x   

1 3
2 cos 2 sin 2

2 2
x x

 
  

 
 

2cos 2
3

x
   

 
 

Here  2R    and  
3

   

 

 

The equation  
2cos 3 sin 1x x  is equivalent to 

       
22cos 2 3sin cos 1 1x x x   . 

     2cos 2 1
3

x
   

 
 

 Hence   
1

cos 2
3 2

x
   

 
 

   2 2
3

x n
   

3


;  n  

          
6 6

x n
     ;  n  

 

5 

5 5 

5 

5 

Writing the expression using 

cos 2x and sin 2x 

 

2R  seen 

 

3

   seen 

 

1
cos 2

3 2
x

   
 

 seen 

Correct solution seen 

https://pastpapers.wiki/
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(a) 
 

Let   be the discriminant of
2 22( 1) ( 3) 0.x k x k      

Then 
2 24( 1) 4( 3)k k      

              4( 1 3)( 1 3)k k k k        

              32( 1).k   

Since 1,k   we have 0.   

 The given equation has real distinct roots.  

 

 

 

2( 1)k      and  
2( 3)k                        + 

For   and    both to be positive,  

we must have 0    and 0.   

Since 1,k  we have 2( 1) 0k        

 

and  
2( 3) 0k     if and only if 3.k   

 

 The required values of k  are 1 3k   or 3.k        

 

 

                                                       

 

 

1 3 

5 

5 

5 

5 

20 

5 5 

5 

35 

10 

10 
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Now let  1 3.k    Note that  0    and  0.   

The equation whose roots are 
1


and

1


 is 

1 1
0x x

 

         
. 

 i.e. 
2 1 1 1

0x x
  

 
     
 

. 

 i.e.  2 1 0.x x       

 

 

Note that 
2( 3) 3 3k k k        ( 1 3)k   

 Also,  2

2         

             2( 1) 2(3 )k k     

             8.  

2 2        0.    

 The required equation is  
2(3 ) 2 2 1 0k x x      

 

 

(b) 

3 2( ) 2 1f x x ax bx     and 

3 2( ) 1g x x cx ax     

Since the remainder when ( )f x  is divided by ( 1)x  in 5, by the Remainder 

Theorem, (1) 5.f   

       3 5a b    

  2.a b   

Since, the remainder when ( )g x in divided by 
2 2x x   is 1,x   we have 

3 2 2( ) 1 ( 2)( ) 1g x x cx ax x x x x          for .  

 0 ( ) ;x        121    gives  0.   

            
2( ) ( 2) 1g x x x x x       

         
3 2 1.x x x          Hence 1c     and  1.a     

    Now by        ;    b = 3.  1     

5 

5 

5 

5 

5 

5 

5 

5 

5 

45 

5 

5  1     

5 

5 5 

5 
30 
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3 2 3 2( ) 2 ( ) 2 3 1 2( 1)f x g x x x x x x x          

         
23 5 1x x     

         

2
5 25 1

3
6 36 3

x
        
   

 

         

2
5 13

3
6 36

x
       
   

 

          3   x 
13

36

 
 
 

, since  

2
5

0.
6

x
   
 

 

 

  

  
13

( ) 2 ( ) .
12

f x g x   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

1312 

y 

x 

5 

5 

5 

5 

20 

56 
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(a) 

 1, 1, 1, 2, 2, 3, 3, 4, 5, 5 

 

(i) Four different digits out of 1,2,3,4 and 5 

 

5

4

5!

120

P





 

 

 

  

 

 

 

5 
15 

5 

5 
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(ii) four digit numbers can be formed by  

 

 number of different such 4 digit 

numbers  

four different digits 
5

4 120P   

 

only one digit is repeated twice 

and the other two are different 

 

 

4

1C  x 
4

2C  x 
4!

2!
 288  

Two digits repeated twice 

 

 

4

2C  x 
4!

2!2!
 36  

 

one digits repeated thrice 

 

 

1 4

1 1

4!

3!
C C   16  

 

 

The required number of ways  120 288 36 16     

              460   

 

 

(b) 

For r   

3 2

2 2

16 12 40 9

5(2 1) (2 1)
r

r r r
U

r r

   


 
 

2 2

2 2 2 2

( 1) ( ) ( 1)(2 1) ( )(2 1)

(2 1) (2 1) (2 1) (2 1)
r

A r r B A r r r B r
U

r r r r

      
  

   
 

3 2 2 216 12 40 9 5 ( 1)(4 4 1) 5( )(4 4 1)r r r A r r r r B r r             

Comparing coefficients of powers of  r : 

3: 16 5 (4) 20r A  

  
2 :12 5 ( 8) 5( 4 4)r A B      

  
1 : 40 25 5(1 4 )r A B    

    
0 :9 5 5r A B    

 

55 

10 5 

10 

5 

5 

10 

5 

5 

10 
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These give us 
1

5
A    and  2.B   

 

 

   

2 2

1 2

5(2 1) (2 1)
r

r r
U

r r

 
  

 
 

1 2 1 2

1 1 2

5 5 (2 1) 5 (2 1)
rr r r

r r
U

r r 

 
  

 
   

 

and hence, 

1

1
( ) ( 1)

5
rr

U f r f r    , where  
2

1
( ) .

5 (2 1)r

r
f r

r





 

 
 

1;r    10

1
(1) (0)

5
U f f   

2;r    2

1
(2) (1)

5
U f f   

                     

1;r n    12

1
( 1) ( 2)

5
nn

U f n f n      

r n   
1

1
( ) ( 1)

5
nn

U f n f n     

 

 

              
1

1

1
( ) (0)

5

n

rr
r

U f n f


   

                     
2

1
( 1)

5 (2 1)n

n

n


  


 

       
2

1
1

5 (2 1)n

n

n


 


  for  .n   

 

 

 

 

 

20 

45 

5 5 

5 

5 

10 

5 

5 

5 

5 

5 
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lim𝑛→∞ 1
1

1

5

n

rr
r

U


  lim𝑛→∞ 2

1
1

5 (2 1)n

n

n

 
  

 

           1 . 

 

 the infinite series 
1

1

1

5
rr

r

U




  is convergent and the sum is 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

15 

5 5 

5 
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(a) 

TC AB   (𝑎 0 30 𝑎 1)  (𝑎 11 01 1)   =   (𝑎2 + 3𝑎 + 1        𝑎 + 31 ) 

2( 3) ( 1)( 3) 4C a a a a           

      0 ( 0)a   

  
1C
  exists  for all 0.a   

 

        

For 
1 1

0,
4

a C
a

    ( 1−(𝑎 + 1)      −(𝑎 + 3)𝑎2 + 3 )   

 

 

5 

5 

5 

10 

25 

10 

10 

All 4 entries correct  

only 3 correct  

5 

10 

All 4 entries correct  

only 3 correct  

5 

10 

https://pastpapers.wiki/


                                                                        Confidential 

 

 

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) l Amendments to be included.          

  27 

 

1C
 (12) = 14𝑎 ( −1𝑎 + 1      𝑎 + 3−𝑎2 − 3) (12)   = 14𝑎 ( 2𝑎 + 5−2𝑎2 + 𝑎 − 5) 

 

  
1

4a
 ( 2𝑎 + 5−2𝑎2 + 𝑎 − 5)  =  18  ( 9−11) 

2 5 9

4 8

a

a


      and   

22 5 11

4 8

a a

a

  
   

These two equations give us 2a  . 

 

 

When  2,a    𝐶 =  (7 53 1) and  𝐶−1 = − 18  ( 1 −5−3 7 ). 
 

8TDC C C I    is equivalent to 
18 .TD C IC   

 

 

 D  
18TC C   = (7 35 1) + 8 (− 18) ( 1 −5−3 7 )  =   (6 88 −6) .  

 

 

(b) 

1

2

1 3

1

z i

z i





 ×  

1

1

i

i




1 1 3 3 1
(1 3 )(1 )

2 2 2
i i i

  
       

 
  

 

                     x     y 
 

 

1

1 3
2 2 cos sin

2 2 3 3
z i i

              
 

 

 

2

1 1
2 2 cos sin

4 42 2
z i i

            
 

 

 

1

2

2 cos sin
3 3

2 cos sin
3 4 3 4

2 cos sin
4 4

i
z

i
z

i

 
   

 

                        
 

 

             2 cos sin
12 12

i
    

 
  

10 

20 

5 

5 

5 

5 

5 

5 

20 

5 

5 

10 

5 

5 

5 

5 

10 30 

All 2 entries correct  

only 1 correct  

5 

10 
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Equating real parts, 

  
1 3

2 cos
12 2

 
  

     
1 3

cos
12 2 2

 
   

 

(c) 

For  n     and  2
2

k
   for k  , 

1
(1 tan ) (cos sin )

cos

n n

n
i i  


    

        sec (cos sin )n n i n      

 

 

 (1 tan ) 1 tan( )
nni i      

         sec ( ) cos ( ) sin ( )n n i n        

        sec (cos sin )n n i n     

 and give us (1 tan ) (1 tan ) 2sec cos .n n ni i n        

 

tan
10

z i
   

 
 gives 

25 25

25 25(1 ) (1 ) 1 tan 1 tan
10 10

z z i i
                         

          

           
252sec cos 25

10 10

    
   
   

 

           0,   as cos 25 cos 0.
10 2

     
 

 

 

  

 

 

 1 

 2 

5 
05 

5 

5 
10 

  2 1 

5 

5 

5 

5 

10 

10 
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(a) 

For 0,2,x   
4 1

( )
( 2)

x
f x

x x





 

Then,   
1

2 2

4 ( 2) (4 1)( 2 )
( )

( 2)

x x x x x
f x

x x

    



 

           

2

2 2

2(2 1)

( 2)

x x

x x

 
 


 

           
2 2

2(2 1)( 1)

( 2)

x x

x x

 
 


  for 0,2.x   

  

 

Turning points: 

1( ) 0f x     1x          or     
1

2
x   

 

 

 

1x     

 

 

1 0x    
1

0
2

x   
1

2
2

x   

 

2 x    

sign of 
1( )f x  ( )  ( )  ( )  ( )  ( )  

( )f x    is 
 

decreasing 

 

increasing 

 

increasing 

 

decreasing 

 

decreasing 

 

 

20 

5 

25 

5 5 5 5 5 

5 
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( )f x    is increasing on   1,0   and  
1

0,
2

 
  

 

and decreasing on  , 1   , 
1

, 2
2

 
 

 and (2, ).  

 

 

Turning points:  (12 , − 4) is a local maximum.  

  ( 1, 1)   is a local minimum. 

x - intercept :  
1

,0
4

  
 

 

Horizontal asymptote:  lim𝑥→±∞ 𝑓(𝑥) = 0  ∴   𝑦 = 0 

Vertical asymptotes:    0x    and  2x  . 

 

 

 

 

 

 

 

 

 

 

 

 

  

Note that ( ) ( )f x f x    {2𝑓(𝑥) if    𝑓(𝑥) ≥ 0.0        if    𝑓(𝑥) < 0.   
( ) ( ) 0f x f x    if and only if ( ) 0.f x   

 The real values of satisfying  ( ) ( ) 0f x f x   is given by 

   
1

0
4

x     or   2.x   

 

 

 

− 1 4⁄  

-4 

-1 

2 1 -1 1 2⁄  

x 

y 

30 

5 

5 

5 

5 

5 

5 5 

5 
40 

15 
5 

10 
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(b) 

For 0;x   

Given: 
23

36
8

xy x   

     
36 3

8
y x

x
      for 0x   

2 2 2p x y  
3

8
x 

 
 

 

    
36 3 3

2 2
8 4

x x x
x

      
 

 

    
72

2p x
x

      

2

72
2 ;

dp

dx x
   0.x   

 

0
dp

dx
         6.x   

For    0 6,x         0
dp

dx
   and 

for      6,x             0.
dp

dx
  

  p is minimum when 6.x   

 

 

 

 

 

 

 

  

 

 

 

5 

5 

5 

5 

40 

10 

10 
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(a) 

4 3 2 2 2 2 23 4 3 1 ( 1) ( 1)x x x x A x Bx x Cx          

                
4 2 3 2( 2 1) ( )A x x B x x Cx       

Comparing coefficients of powers of x;  

 

0 :x  1 = A 

:x  3 = B 

2 :x  4 = 2A+C  +  

 

3 :3x B  

4 :1x A  

1,A   3B   and 2.C   

  

5 
15 

5 5 

https://pastpapers.wiki/


                                                                        Confidential 

 

 

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) l Amendments to be included.          

  33 

 

    

4 3 2

2 2 2 2 2

3 4 3 1 1 3 2

( 1) 1 ( 1)

x x x x x

x x x x x

   
  

  
 

4 3 2

2 2

3 4 3 1

( 1)

x x x x

x x

   
  

1

x
   

2

1
3

1
dx

x


  
2 2

2
( 1)

x
dx

x


  .dx  

       

       
1ln 3tanx  

2

1
,

1
x E

x
 


     where E is an arbitrary constant.   

 

 

 

 

(b)  

1

4
1

0

sin ( )I x dx   

    
11
44

1

0 0

1 1
sin . .

1 2
x x x dx

x x

 
  

   
1

4
  . 1

4

0

1

6 2 1

x
dx

x




  

   

1

4

0

1

24 2 1

x
dx

x


 

  

 

 

Let sinx        2sin cosdx d     

           

0   when 0x   

6

   when 
1

4
x   

1

4

0
1

x
dx

x  
6

0

sin

cos






    2sin cos d    

6

0

(1 cos 2 )d



    

10 

5 

5 5 5 
5 

35 

10 

20 

5 

5 

5 

5 

5 

5 
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6

0

1
sin 2

2



    
 

 

1 3
.

6 2 2


   

3

6 4


   

1 3 3 3 3
.

24 2 6 4 24 8 24
I

     
         

 
 

 

 

 

(c) 

2 1( ln( 1) 2 tan 2 )
d

x x x x
dx

    

2

1

1
x

x

    
 

2

2

2
(2 ) ln( 1) 2

1
x x

x
   


 

2 2
2

2

2 2 2(1 )
ln( 1)

1

x x
x

x

  
  


 

   0  

2ln( 1).x   

 

    
2 2 1ln( 1) ln( 1) 2 tan 2x dx x x x x C      , where C is an arbitrary constant.  

1

2

0

ln( 1) ln 2 2 2
4

x dx
      
   

    ln 2 2
2


    

    
1

(2 ln 2 4)
2

    

    
1

(ln 4 4)
2

    

 

5 

5 

5 35 

10 

5 15 

5 

5 

5 15 
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1

2 2

0

ln ( 1)( 2 2)x x x dx      

1

2

0

ln( 1)x    +  

1

2

0

ln( 2 2)x x dx   

Now     

1

2

0

ln( 2 2)x x dx   

  
1

2

0

ln (1 ) 2(1 ) 2x x dx      

 

1

2

0

ln( 1)x dx   

1 1

2 2 2

0 0

ln ( 1)( 2 2) 2 ln( 1)x x x dx x dx          

  ln 4 4    

 

 

 

 

 

 

 

 

 

 

 

 

5 

5 

5 
15 
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𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

 

 

 

          

 

 

 

 

 

 

 

 

 

 

The equation of   
1 :l   1

b
y y

a
   1( )x x .  

     1 1y y x x
t

b a

 
    (say) 

  Then 1 ,x x at   1y y bt    

(This is valid even when 0a   and 0b   or when 0a   and 0.b  ) 

 

 

 

𝑃(𝑥1, 𝑦1) 

𝑄 

𝑙 
/l  

 

(Note that 𝑎2 + 𝑏2 ≠ 0) 

5 

5 

5 

15 
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Let 2 2 1 1 1 1( , ) ( , )Q x y x at y bt     be the point of intersection of l  and 
1.l  

Since Q is on ,l we have 1 1 1 1( ) ( ) 0.a x at b y bt c      

  1 1
1 2 2

( )ax by c
t

a b

 
  


. 

  The perpendicular distance from P  to l PQ  

                 
2 2

2 1 2 1( ) ( )x x y y     

 

                  
2 2 2 2

1 1a t b t   

               
2 2

1 .a b t   

                 
2 2 .a b   

1 1

2 2( )

ax by c

a b

 


      

                              
1 1

2 2
.

ax by c

a b

 



 

 

 

 

: 2 0x y    

(0 6 2)(3 3 2) 8 0           A and B lie on opposite sides of  

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

The gradient of AB = 3  

The acute angle between and AB 

       
1 ( 3)

tan
1 ( 1)( 3)

   


  
 

           
1 1

tan
2

      
 

 

5 

5 

5 

5 

20 

5 

5 

10 

15 

5 

5 

5 
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The radius of 
1

0 6 2
2 2

2
S

 
    and the radius of  

2

3 3 2
2.

2
S

 
   

2 2

1 : ( 6) 8S x y            

  i.e.   
2 2 12 28 0.x y y     

2 2

2 : ( 3) ( 3) 2S x y      

 i.e 
2 2 6 6 16 0x y x y      

 

 

: 2 2 : 2 2:1AC CB    

6 0 6 6
, (2,0)

3 3
C

      
 

 

Let m be the slope of the other common tangent through C.  

1 ( 3)
tan

2 1 ( 3)

m

m
  

  
 

 

  1 3 2 6m m     or  3 1 2 6m m    

  1m       or     7m   

  7.m       

 The required equation is 0 7( 2).y x    

i.e. 7 14 0.x y    

 

𝜃 

C(2,0) 

2 

𝜃 

2 2  

 

(3, 3)B   

2  

A(0,6) 

5 5 5 5 

5 

5 

30 

5 

5 

5 

5 

5 

25 
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Let   
2 2 2 2 0S x y gx fy c         be the required circle. 

Since S passes through the origin, 0.c   

As S bisects the circumference of 1,S the common chord passes through A. 

The common chord is 1 2 (2 12) 28 0S S gx f y       

(0,6)A  is on 1 0,S S   we have 

        (2 12)(6) 28 0.f      

               ( 6)(3) 7 0,f      which gives us 
11

.
3

f    

Since S is orthogonal to 2 ,S 2 ( 3) 2 (3) 0 16.g f     

 
11

3 3 8,
3

g
    

 
  which gives us 

19
.

3
g    

 The required circle is 

 
2 2 19 11

2 2 0
3 3

x y x y
          

   
 

       i.e.                  
2 23 3 38 22 0.x y x y     

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

5 

5 

5 

5 

5 

5 

5 
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(a)  

cos( ) cos cos sin sinA B A B A B    

cos( ) cos cos sin sinA B A B A B    

 

 

         +  

 cos( ) cos( ) 2cos cosA B A B A B     

Taking A B C    and  ,A B D   we have ,
2 2

C D C D
A B

 
   

          cos cos 2cos cos .
2 2

C D C D
C D

         
   

 

 

 

Now,  cos cosC D cos cos( )C D    

           
( ) ( )

2cos cos
2 2

C D C D           
   

         

           2sin sin
2 2

D C C D        
   

 

           2sin sin .
2 2

C D C D         
   

 

 

 

1 

2 

 1  2 

5 

5 

5 

10 

10 

5 

5 

10 

5 
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b 

cos9 cos 7 cotx x x   (cos9 cos7 ) 0x x     (sin 0)x   

cos
2cos8 cos ( 2sin 8 sin ) 0

sin

x
x x x x

x
     

cos 0x     or   (cos8 sin8 ) 0.x x   

cos 0x    or tan 8 1.x   

2
2

x m
   for m  or 8

4
x n

   for n  

2
2

x m
   for m  or 

8 32

n
x

 
  for n .  + 

 

(b) 

Cosine Rule: Let ABC be a triangle.  

Then 
2 2 2 2 cosa b c bc A    

 

 

 

 

 

 

 

 

 

Proof: Let D be the perpendicular of the foot from C on AB. Then by the Pythagoras Theorem. 

2 2 2BC BD DC     

 

Case (i) A is acute;   Case (ii) A is obtuse 

sinDC b A     sin( )DC b A  sinb A  

cosDB c b A     cos( )DB c b A    cosc b A     

                            

 In both cases,  gives us 
2 2 2 2sin ( cos )a b A c b A    

               
2 2 2 2 2sin2 coscosbA cbcA bA  

                
2 2 2 cosb c bc A    

2 2( sin cos 1)A A   

When ,
2

A


  cos 0A   and this holds in that case too. 

a 

c D 
B A B 

a 

c 𝐴 ≡ 𝐷 

C 

b a 

c D 

C 

B A 

 1 

 1 

b 

C 

20 

5 

5 

5 5 

5 

5 

5 5 

5 

5 
30 
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𝑒𝑥 

1 

Let .
2

x n
   (cos 0)x   

2

2sin cos
sin 2

cos

x x
x

x
  ×  

2cos x  

            
2

2 tan

sec

x

x
  

            
2

2 tan

1 tan

x

x



 

 

 

 

 

 

 

 

 

 

 

 two distinct solutions for B.  

 two distinct such triangles. 

 

B is an acute angle        
3

cos
5

B    or  
4

cos
5

B   

When 
3

cos ;
5

B   
2 2 2 3

(20) 10 2(20)(10)
5

AC
     
 

    AC 2 65.  

When  
4

cos ;
5

B           
2 2 2 4

(20) (10) 2(20)(10)
5

AC
     
 

  AC 6 5.  

 

 

(c) 

Let   

1

1 2 2sin(1) xe
   . Since 

1

2 2(1) xe
 0,   is an acute angle. 

Then  
1

2 2

2
sin 1

1 ( )

x
x

x

e
e

e


  


 

tan .xe    

     

b 

A 

C 

20cm 

24
sin 2

25
B      B is acute  


2

2 24

1 25

t

t



,  where tant B  

212 25 12 0t t    

(4 3)(3 4) 0t t    

3

4
t    or   

4

3
   + 

B 

10cm 

5 

5 

10 

5 

5 5 

25 

5 

5 

5 

5 
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Then, the given equation becomes     . 


2

2 tan
tan

1 tan

 




 

  
2

2
2

1

x

x

e

e



 

  
21x xe e   

  
2 1 0x xe e    

  
1 5

2

xe
 

      

Since    0,xe   ( )  sign cannot be taken. 

          
1 5

2

xe
 

  

    
5 1

ln .
2

x
 

   
 

 

Note that this value of x satisfies the given equation.  

 

 

5 

5 

5 

5 

5 

35 
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G. C. E (Advanced Level) Examination - 2021(2022) 

 

 

10 - Combined Mathematics II 
 

 

 

Distribution of Marks 

 

 

 Paper II   

  Part A  =   10  25   = 250 

  Part B   =   05  150 =  750 

 

      

Total      =   
𝟏𝟎𝟎𝟎𝟏𝟎   

Final marks     = 100  
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Common Techniques of Marking Answer Scripts. 

It is compulsory to adhere to the following standard method in marking answer scripts and 

entering marks into the mark sheets. 

1. Use a red color ball point pen for marking.  (Only Chief/Additional Chief Examiner may use a 

mauve color pen.) 
 

2. Note down Examiner's Code Number and initials on the front page of each answer script. 
 

 

3. Write off any numerals written wrong with a clear single line and authenticate the alterations 

with Examiner's initials. 
 

4. Write down marks of each subsection in a         and write the final marks of each question as 

a rational number in a         with the question number.  Use the column assigned for Examiners 

to write down marks. 

 
 

Example: Question No. 03  

(i) …………………................................... 
……………………................................ 
……………………................................  
 

(ii) ……………………................................ 
……………………............................... 
…………………...............................… 
 

(iii) ……………………............................... 
……………………............................... 
…………………...............................… 
 

 

(i) +      (ii)    +    (iii)           = 

 

MCQ answer scripts: (Template) 

1. Marking templets for G.C.E.(A/L) and GIT examination will be provided by the Department of 

Examinations itself. Marking examiners bear the responsibility of using correctly prepared 

and certified templates.    

 

2. Then, check the answer scripts carefully.  If there are more than one or no answers Marked 

to a certain question write off the options with a line.  Sometimes candidates may have 

erased an option marked previously and selected another option.  In such occasions, if the 

erasure is not clear write off those options too. 

 

3. Place the template on the answer script correctly.  Mark the right answers with a '√' and the 
wrong answers with a 'X' against the options column.  Write down the number of correct 

answers inside the cage given under each column.  Then, add those numbers and write the 

number of correct answers in the relevant cage.   

  

 

√ 

√ 

√ 

4 

5 

3 

5 

3 

5 

 
10 

15 
4 

5 
3 

5 

 3 

 5 
03 
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Structured essay type and assay type answer scripts:  
 

1. Cross off any pages left blank by candidates.  Underline wrong or unsuitable answers.  Show 

areas where marks can be offered with check marks.  

 

2. Use the right margin of the overland paper to write down the marks.   

3. Write down the marks given for each question against the question number in the relevant 

cage on the front page in two digits.  Selection of questions should be in accordance with the 

instructions given in the question paper.  Mark all answers and transfer the marks to the front 

page, and write off answers with lower marks if extra questions have been answered against 

instructions.   

 

4. Add the total carefully and write in the relevant cage on the front page.  Turn pages of answer 

script and add all the marks given for all answers again.  Check whether that total tallies with 

the total marks written on the front page.  

 
 

Preparation of Mark Sheets. 

 Except for the subjects with a single question paper, final marks of two papers will not be calculated 

within the evaluation board this time. Therefore, add separate mark sheets for each of the question 

paper. Write paper 01 marks in the paper 01 column of the mark sheet and write them in words too. 

Write paper II Marks in the paper II Column and wright the relevant details.  

 

*** 
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Part A 

 

 

 

 

 

 

 

 

 

 𝐼 = ∆(𝑚𝑉) for the system: 

 0 = (2𝑚𝑉𝑄 − 𝑚𝑉𝑃) − (4𝑚𝑢 − 2𝑚𝑢) 

                          ⟹ 2𝑉𝑄 − 𝑉𝑃 = 2𝑢  

By Newton’s Experimental Law,  

                                𝑉𝑄 + 𝑉𝑃 = 45 (4𝑢 + 𝑢)  

                                𝑉𝑄 + 𝑉𝑃 = 4𝑢  

 : 𝑉𝑄 = 2𝑢 and 𝑉𝑃 = 2𝑢. 

 

 : 𝑉𝑄 > 0 and 𝑉𝑃 > 0.  ∴ 𝑃 and 𝑄 move away from each other after the collision.  

              𝑉(𝑃, 𝑄) = 𝑉(𝑃, 𝐸) + 𝑉(𝐸, 𝑄) 

                            = 2𝑢 ⃖   +  2𝑢 ⃖       
                            = 4𝑢               
The required time = 𝑎4𝑢 .  

𝑄 𝑃 𝑚 2𝑚 
4𝑢 𝑢 

𝑄 𝑃 𝑚 2𝑚 
𝑉𝑃 𝑉𝑄 

1 

2 

+             1 2 

5 

5 

5 

5 

5 

𝐼 = ∆(𝑚𝑣)  for P and Q 

Newton's Experimental Law 

For both pV  and QV  

For both 0pV   and 

0QV  or equivalent  

 
4

a

u
 seen. 
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From 𝑂 to 𝐴 𝑆 = 𝑢𝑡 + 12 𝑎𝑡2: 

                      ⟶   𝑎 = √𝑔𝑎 cos 𝛼  𝑡     (1) 

                    

   ↑   −𝑎 = √𝑔𝑎 sin 𝛼  𝑡 − 12 𝑔𝑡2     (2) 

 

  given us   𝑡 = 𝑎√𝑔𝑎 cos 𝛼.  

 

  given us   −𝑎 = 𝑎 tan 𝛼 − 12 𝑔 𝑎2𝑔𝑎 𝑐𝑜𝑠2(𝛼). 
   

   

      −2 = 2 tan 𝛼 − (1 + 𝑡𝑎𝑛2𝛼). 
 

  i.e.     𝑡𝑎𝑛2𝛼 − 2 tan 𝛼 − 1 = 0. 
 ∴ tan 𝛼 = −2 ± √4 + 42 = 1 ± √2 

 

(−) sign is not possible as 0 < 𝛼 < 𝜋2.  

    ∴ tan 𝛼 = 1 + √2.  

𝐴 

√𝑔𝑎 

𝑎 

𝑎 

𝑂 
𝛼 

𝑡 

1 

2 

25 

 

5 

5 

5 

5 

5 

 → 𝑠 = 𝑢 + 12 𝑎𝑡2 

 ↑ 𝑠 = 𝑢 + 12 𝑎𝑡2 

For the quadratic in tan 𝛼 

both ± 

Selecting the correct sign 
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and 

 

 

 

                  

 

 

 

 

 

 

 

 𝑎(𝑃, 𝐸) = 𝑓     𝑎(3𝑚, 𝑄) = 𝐹 

 

Applying 𝐹 = 𝑚𝑎:  

                    𝑇1 = 𝑚𝑓  

           

          2𝑇2 − 𝑇1 = 0   

  

                 𝑇2 − 2𝑚𝑔 = 2𝑚(𝐹 − 𝑓)        

 

                 3𝑚𝑔 − 𝑇2 = 3𝑚(𝐹 + 𝑓)  

 

or 

    ,                         𝑇1 − 2𝑚𝑔 − 3𝑚𝑔 = 2𝑚(𝑓 − 𝐹) − 3𝑚(𝑓 + 𝐹) 

 

Note: Any 4 correct independent equations  

𝑚𝑔 

𝑅 

𝑄 

𝑃 
𝑇1 

2𝑚𝑔 3𝑚𝑔 

𝑇1 

𝑇2 𝑇2 

𝑇2 

𝑇2 

𝑓 

𝑓 

𝐹 

𝐹 

𝑃 

𝑄 

2𝑚 

3𝑚 

𝑄 2𝑚 3𝑚 

 

5 

5 

5 

5 

5 
 𝑓   𝑓 

 𝐹 = 𝑚𝑎 for P  

 𝐹 = 𝑚𝑎 for Q 

 𝐹 = 𝑚𝑎 for 2m 

 𝐹 = 𝑚𝑎 for 3m 

25 

20 
 𝐹 = 𝑚𝑎 for Q, 2m and 3m 
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 sin 𝛼 = 120 36 × 10003600 = 10 𝑚𝑠−1 72 × 10003600 = 20 𝑚𝑠−1 54 × 10003600 = 15 𝑚𝑠−1 

 𝑣2 = 𝑢2 + 2𝑎𝑠: 202 = 102 + 2𝑓(500) 𝑓 = 150500 = 310 𝑚𝑠−2  

 

          𝐹 = 𝑚𝑎:  𝐹 − 𝑅 − 𝑀𝑔 sin 𝛼 = 𝑀𝑓 

           𝑃 = 𝐹 ∙ 𝑉 

            = 𝐹 ∙ 15 

 

 

   

 

𝑆 

𝛼 

𝑓 𝐹 

𝑀𝑔 

𝑅 5 

5 

5 

5 

5 

25 

 For forces with or without S 

 For all three conversions of 

speeds 

 Applying 
2 2 2v u as   

 Applying 𝐹 = 𝑚𝑎 

 15P F   seen 
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 Applying  𝐹 = 𝑚𝑎: 

  ← 𝑇 sin 𝜋3 = 𝑚. 𝑔𝑎2(2𝑎 sin 𝜋3) 

 ∴ 𝑇 = 𝑚𝑔3 . 
 ↑  𝑅 − 𝑚𝑔 + 𝑇 cos 𝜋3 = 0 

 

𝑅 = 𝑚𝑔 − 𝑚𝑔6  

      = 56 𝑚𝑔 

 

 

 

 

 

𝜋3 

𝐴 

𝑃 

𝑅 

𝑚𝑔 

𝑇 

2𝑎 𝑎 

5 

5 

5 

5 

5 

25 

For the forces 

𝐹 = 𝑚𝑎 

 
3

mg
T   seen or implied  

𝐹 = 𝑚𝑎 

Work leading to the answer 
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 𝑂𝐴      = 2𝑖 − 3𝑗  and 𝑂𝐵      = 𝑖 − 2𝑗 ∴ 𝐴𝑂      =  −2𝑖 + 3𝑗   and  𝐴𝐵      = (𝑖 − 2𝑗) − (2𝑖 − 3𝑗) 

       = −𝑖 + 𝑗   
 𝐴𝑂      ∙ 𝐴𝐵       =  |𝑂𝐴      ||𝐴𝐵      | cos 𝜃 2 + 3 = √13√2 cos 𝜃 

 ∴       cos 𝜃 =  5√26 

 ∴       𝜃 =  cos−1 ( 5√26) 𝑂𝐶       =  𝜆 𝑂𝐴        , where 𝜆 ∈  ℝ, and 𝐶𝐵      = (𝑖 − 2𝑗) − 𝜆(2𝑖 − 3𝑗)  𝑂𝐴       ∙   𝐶𝐵       = 0 gives as 2(1 − 2𝜆) − 3(−2 + 3𝜆) = 0 

 

 ∴         𝜆 =  813 

 

and          𝑂𝐶      =  813  (2𝑖 − 3𝑗)           

𝜃 

A 

B 

C 

O 

5 

5 

5 

5 

5 

25 

AB is terms of i


 and j


 

Definition of AO   AB  

or equivalent  

 cos 𝜃 =  5√26 seen 

condition for 2
OCB


   

 

using dot product 

value of  𝜆 or equivalent  
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2
ACD




 

 For the equilibrium of the rod: 

  𝐴           𝑊 × 4𝑎 cos 𝜃 − 𝑇 × 3𝑎 = 0 

 ∴ 𝑇 = 4𝑊3 cos 𝜃 

         = 4𝑊3 × 45 =  16𝑊15  

 →  𝑋 = 𝑇 sin 𝜃 

 

        = 16𝑊15 × 35 

          = 16𝑊25  

 

𝑊 𝑋 

𝐶 
𝑌 

𝑇 

𝐷 𝜃 4𝑎 

3𝑎 

5𝑎 

𝐴 

5 

5 

5 

5 

25 

For the forces  5 

 2
ACD


  seen 

An equation sufficient to 

find T.    

work leading to the answer     

16𝑊25   seen. 
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For the equilibrium:  

 

                                              𝑅 − 𝑚𝑔 cos (𝜋4) = 0 

   ∴          𝑅 =  𝑚𝑔√2  

 

                               𝑇 − 𝜆𝑚𝑔 = 0   

  ∴    𝑇 = 𝜆𝑚𝑔 

 

                               𝑇 − 𝐹 − 𝑚𝑔 sin (𝜋4)  = 0    

  ∴         𝐹 = 𝜆𝑚𝑔 − 𝑚𝑔√2  =  𝑚𝑔√2 (√2𝜆 − 1) 

For the equilibrium of 𝑃:  

 
12  ≥  |𝐹|𝑅   ∴     |√2𝜆 − 1|   ≤   12 

∴    12√2   ≤   𝜆  ≤  32√2 

𝐹 
T 

𝜆𝑚𝑔 𝜋 4⁄  

𝑚𝑔 

𝑅 𝑇 𝑃 

Q 

𝐴 

P 

Q 

P 

5 

5 

5 

5 
25 

An equation leading to the 

value of R. 

An equation leading to the 

value of T. 

An equation leading to the 

value of F. 

work leading to the answer     

5 
Condition for non-slipping 

with absolute value. 
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 𝑃(𝐴) = 15 , 𝑃(𝐵) = 34 

Since 𝐴 and 𝐵 are independent,  𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴) ∙ 𝑃(𝐵)                   = 320 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)                    = 15 + 34 − 320 = 45 

𝑃(𝐴|𝐴 ∪ 𝐵) = 𝑃(𝐴 ∩ (𝐴 ∪ 𝐵))𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴)𝑃(𝐴 ∪ 𝐵) = 1/54/5 = 14 

𝑃(𝐵|𝐴′) = 𝑃(𝐵 ∩ 𝐴′)𝑃(𝐴′)  

𝑃(𝐵 ∩ 𝐴′) = 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) = 34 − 320 = 35 

   

 (                 𝑃(𝐵 ∩ 𝐴′) = 𝑃(𝐵) ∙ 𝑃(𝐴′) = 34 × 45 = 35) 

 𝑃(𝐵|𝐴′) = 3/54/5 = 34 

 

 

 

 

 

 

 

 

OR 

5 

5 

5 

5 

5 

25 

For the condition for 

independence      

Formula a for ( )P A B      

1

4
 or equivalent seen.  

 3

5
 or equivalent seen.  

3

4
 or equivalent seen. 
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     Let the numbers in the increasing order be  

 

          𝑎, 𝑎, 𝑏, 𝑐, 𝑐 

 

Since the range is 10, we have 𝑐 − 𝑎 = 10. 
 

    ∴ 𝑐 = 𝑎 + 10 

 

Since the mean is 6, we have  
2𝑎+𝑏+2𝑐5 = 6.   

 

(1) and (2)gives us 4𝑎 + 𝑏 + 20 = 30 

 𝑖. 𝑒.      4𝑎 + 𝑏 = 10  

 

Since 𝑎 and 𝑏 are positive integers,  

 

Then, (3) Implies that 4𝑎 ≤ 9 and the only possible values  

for 𝑎 are 1 and 2. 

 

If 𝑎 = 1, then 𝑏 = 6. 

 

If 𝑎 = 2, then 𝑏 = 2, and it is not possible as 

the median is different from the modes. 

 ∴ The numbers are 1, 1, 6, 11, 11.  

(2) 

5 

5 

5 

5 

5 

Condition for the range 

For this or an equivalence   

 

An equation sufficient to 

determine the observations   

Mean   mode used.  

1, 1, 6, 11, 11 seen. 

(3) 

(1) 

25 

https://pastpapers.wiki/
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(a)    

  

 

 

 

 

 

 

       

 

 

 

 

 Since Area ∆ 𝑆𝑇𝑈=Area ∆ 𝑈𝑍𝑊 , 

       we have 𝑇𝑈 = 𝑈𝑍. 

       𝑇𝑍 = 2 ⟹ 𝑇𝑈 = 1.    
∴ 𝑂𝑈 = 5. 

20 

𝑆 

𝟓 

𝟓 

𝑡 = 6= 6
𝑄 

𝑢 𝑂 

𝐴 

𝑂 𝑡 = 0= 0
𝑃 

𝑢 

𝑌 

𝑊 

𝑀 

𝑋 

𝑍 

𝑉 

𝑈 𝑇 

𝑅 

𝑂 

6 𝑇 

𝑥 

𝑢 

𝑦 

4 

𝟏𝟎 𝟏𝟎 
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       From ∆ 𝑅𝑂𝑈, we have 𝑔 = 
𝑢5.  

       ∴ 𝑢 = 5𝑔.  

       From ∆ 𝑆𝑇𝑈, we have  𝑔 = 
𝑆𝑇1  = 𝑆𝑇.  

       The height of 𝑂𝐴 = Area of 𝑂𝑅𝑆𝑇.  

                                         = 12 (𝑂𝑅 + 𝑆𝑇) × 𝑂𝑇 

                                         = 12 (𝑢 + 𝑔) × 4 

                                         = 12 × 6𝑔 × 4                                          = 12𝑔 

      Let 𝑇 be the time taken by 𝑄 to collide with 𝑃.  

                             𝑂𝐴 = Area 𝑉𝑍𝑀𝑋 + Area 𝑊𝑍𝑀𝑌 

                                    = Area 𝑉𝑊𝑌𝑋                                          = 12 (𝑉𝑊 + 𝑋𝑇) × 𝑍𝑀                             ∴  12𝑔 = 12 (6𝑔 + 6𝑔) × 𝑇                                     ∴ 𝑇 = 2 sec.  

 

 

 

(b)   

 

 

 

 

 

 

 𝑄 

𝑆 𝑃 𝜋 3⁄  √3𝑑 

𝑉(𝑆, 𝐸) =↑ 𝑢 𝑉(𝑃, 𝐸) = 2𝑢 𝑉(𝑄, 𝐸) = 3𝑢 𝑉(𝑃, 𝑆) =← 𝑉(𝑄, 𝑃) = 
𝜋 3⁄  

𝟔𝟎 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟏𝟎 

𝟏𝟎 
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(i)   

              + 

 

 

 

 

 

 

 

 

 

(ii)    𝑉(𝑄, 𝑃) = 𝑉(𝑄, 𝐸) + 𝑉(𝐸, 𝑃)                                     = 𝑉(𝐸, 𝑃) + 𝑉(𝑄, 𝐸)                      = 𝑍𝑌      + 𝑌𝐿                                                                                                    = 𝑍𝐿      

  

 

 

 

 𝑍𝐿 = √(3𝑢)2 − (2𝑢)2 = √5𝑢 

Let 𝑡2 be the time taken by 𝑄 to intercept 𝑃. 

Then, 𝑡2 = 

√3 𝑑 sec(𝜋 6⁄ )√5 𝑢   

                  = 2𝑑√5 𝑢 ℎ. 
∴  𝑡1 < 𝑡2. 
 

 

 

 

 

𝟓 

𝟕𝟎 

2𝑢 
𝑢 

𝑍 
𝑋 

𝑌 

𝜋 3⁄  

√3𝑢 𝑉(𝑃, 𝑆) = 𝑉(𝑃, 𝐸) + 𝑉(𝐸, 𝑆)                = 𝑉(𝐸, 𝑆) + 𝑉(𝑃, 𝐸) = 𝑋𝑌      + 𝑌𝑍                               = 𝑋𝑍       

The required time = 
𝑑𝑋𝑍 = 

𝑑√3𝑢 ℎ. 

 

𝟏𝟎 𝟓 

3𝑢 

𝑌 

𝑍 

𝐿 

2𝑢 𝜋 3⁄  

𝟏𝟎 

𝟓 

𝟏𝟎 

𝟏𝟎 

𝟐𝟓 

𝟓 𝟓 
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a)  

 

 

 

 

 

 

 

 

 𝑥 + 𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. ∴ �̈� + �̈� = 0. _____________________(1) 

Let 𝑎(𝑊, 𝐸) = 𝐹 ↞ ∴  𝑎(𝑃, 𝑊) = 𝐹         (by (1)) 

Also, let 𝑎(𝑄, 𝑊) = 𝑓 

𝐴  

𝑅1
𝑅1𝑅2

𝑅2

𝑆  

2𝑚𝑔  𝑚𝑔  

3𝑚𝑔  

𝐶  𝐵  

𝑇 𝑃  𝑄  

𝜋3 
𝜋3 

𝑦 𝑇 

𝑇  

𝑥 𝐷  

𝐹  

𝐹  

𝑓  

𝑾  

 𝜋
3

 

 𝜋
3

 

𝟓 

𝟓 

𝟓 
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(for forces) (for acceleration) 

(for equation) 

(for equation) 

(for equation) 

Applying 𝐹 = 𝑚𝑎 :  

                2𝑚𝑔 sin (𝜋3) − 𝑇 = 2𝑚 (𝐹 − 𝐹 cos (𝜋3)) 

 

                                  𝑚𝑔 sin (𝜋3) = 𝑚 (𝑓 + 𝐹 cos (𝜋3)) 

 

For the system (𝑃, 𝑄, 𝑎𝑛𝑑 𝑊),  

𝑇 = 3𝑚𝐹 + 2𝑚 (𝐹 − 𝐹 cos (𝜋3)) + 𝑚 (𝐹 + 𝑓 cos (𝜋3)) 

 

Applying 𝑆 = 𝑢𝑡 + 12 𝑎𝑡2 :  

                         𝑎 = 12 𝑓𝑡2 

 

Applying 𝑣 = 𝑢 + 𝑎𝑡 : 

    𝑣 = 𝐹𝑡  

 

 

  

 

 

 

 

 

 

 

 

  

 

 

 

𝑃 

𝑄 

𝑊 𝟓 

𝟓 𝟖𝟎 

𝟓 𝟓 𝟓 

𝟓 𝟓 

𝟓 

𝟓 𝟓 𝟓 

𝟓 𝟓 
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b)  

 

 

 

 

 

 

 

  

 

 

𝑓 

𝑣 

𝑃. 𝐸. = 0 

𝑣1 

𝑚𝑔 

𝑤 

𝑆 

𝑂 

𝐵 

𝐶 

𝐹 

. 

𝑚𝑔 

𝜃 

𝑎 

12 𝑚𝑔 

𝐴 

𝐸 

𝐷 

𝑎 

𝑎 

𝑎 

𝑇 

𝑢 
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By the conservation of energy,  12 𝑚𝑣2 − 𝑚𝑔𝑎 cos 𝜃 = 12 𝑚𝑢2 − 𝑚𝑔𝑎 

∴   𝑣2 = 𝑢2 − 2𝑔𝑎(1 − cos 𝜃) 

When 𝜃 = 𝜋,  𝑣2 = 𝑢2 − 4𝑔𝑎 ___________________________(1) 

 

 

From 𝐶 to 𝐷 ,        𝐹 = 𝑚𝑎 :  

− 12 𝑚𝑔 = 𝑚𝑓 

∴        𝑓 = − 𝑔2 

⟵ 𝑣2 = 𝑢2 + 2𝑎𝑠 :  𝑣12 = (𝑢2 − 4𝑔𝑎) − 2 ∙ 𝑔2 𝑎                                                 = 𝑢2 − 5𝑔𝑎.                     
Using (1), we have 𝑤2 = 𝑣12 − 4𝑔𝑎 

    = 𝑢2 − 9𝑔𝑎.  

 

 𝐹 = 𝑚𝑎  ↓  at 𝐹: 

𝑚𝑔 − 𝑆 = 𝑚 𝑤2𝑎  

∴   𝑆 = 𝑚𝑔 − 𝑚𝑎 (𝑢2 − 9𝑔𝑎) 

= 𝑚𝑎 (10𝑎𝑔 − 𝑢2) 

 

 

 

𝟏𝟓 

𝟓 

𝟏𝟎 

𝟓 

𝟓 

𝟓 

𝟓 

𝟒𝟓 

PE (5)+KE (5)+Equation (5) 

𝟏𝟎 

𝟓 

𝟐𝟓 

𝟓 
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4𝑎 

𝑚𝑔 

𝑃 

𝑎 

𝑂 

𝑇0 

For the equilibrium of 𝑃,  𝑇0 = 𝑚𝑔  

𝑇0 = 𝜆𝑎4𝑎 = 𝜆4 

∴ 𝜆 = 4𝑚𝑔 

 𝟓 

𝟓 

𝟓 

𝟏𝟓 
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 𝑋 = 𝑥 − 6𝑎 ∴ �̇� = �̇� ∴ �̈� = �̈� 

Then (1) ⇒    �̈� + 𝜔2𝑋 = 0, where 𝜔 = √ 𝑔2𝑎 .  

 

 

 

Applying  𝐼 =△ (𝑚𝑣) for 𝑃 and 𝑄: 

0 = 2𝑚𝑢 − 𝑚√2𝑘𝑔𝑎 

  ∴ 𝑢 = √𝑘𝑔𝑎2  

 𝑚 

𝑚 

5𝑎 

𝑃 𝑄 

√2𝑘𝑔𝑎 

2𝑚 

5𝑎 

𝑅 

𝑢 

𝟓 

𝟓 

𝟏𝟎 

𝟓 

𝟓 

𝟐𝟎 

𝟏𝟎 

Applying  𝐹 = 𝑚𝑎 for 𝑅: 𝑇 − 2𝑚𝑔 = −2𝑚�̈� 𝑇 = 4𝑚𝑔 (𝑥 − 4𝑎)4𝑎  ∴  𝑚𝑔𝑎 (𝑥 − 4𝑎) − 2𝑚𝑔 = −2𝑚�̈� �̈� + 𝑔2𝑎 (𝑥 − 6𝑎) = 0 __________(1) 

 

4𝑎 

2𝑚𝑔 

𝑅 

𝑇 

𝑂 

𝑥 

𝟓 

𝟓 

𝟏𝟎 
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Centre is given by 𝑋 = 0. 

i.e. 𝑥 = 6𝑎.  

�̇�2 = 𝜔2(𝑐2 − 𝑋2)___________(2)  

When 𝑥 = 5𝑎, we have 𝑋 = −𝑎 and �̇� = − 12 √2𝑘𝑔𝑎 . 

Then    (2) ⇒ 
𝑘𝑔𝑎2  = 

𝑔2𝑎 (𝑐2 − 𝑎2). 

                     ⇒ 𝑘𝑎2 = 𝑐2 − 𝑎2.                      ⇒ 𝑐 = √𝑘 + 1 𝑎. 

 

Let 𝑘 > 3. Then, 𝑐 > 2𝑎. 

∴ Amplitude > 2𝑎. 

∴ the string becomes slack. 

 

 

 

 

 

 

 

 

  

 

𝟓 

𝟓 

𝟓 

𝟓 

𝟏𝟓 

𝟓 𝟏𝟎 
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𝑘 = 8  

Then 𝑐 = 3𝑎. 

 

 

 

 

 

 

 

 

Now, 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐶 

𝛼 𝑎 
𝜔𝑡1 

𝛽 

3𝑎2  

𝑎 

3𝑎 

3𝑎 

𝑡2 4𝑎 

𝑣 

𝟓 

 𝑣2 = 𝑔2𝑎 (9𝑎2 − 4𝑎2) 

∴ 𝑣 = √52 𝑔𝑎 

Under gravity:   𝑠 = 𝑢𝑡 + 12 𝑎𝑡2 

                                  0 = 𝑣𝑡2 − 12 𝑔𝑡22. 

 ∴  𝑡2 = 2𝑣𝑔 = 2𝑔 √52 𝑔𝑎   = √10𝑎𝑔  

                                  

𝟓 

𝟓 

𝟓 

cos 𝛽 = 13 

cos 𝛼 = 23 

𝜔𝑡1 = 𝛽 − 𝛼 

∴  𝑡1 = 1𝜔 (𝛽 − 𝛼) 

 

𝟓 

𝟓 

𝟓 
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𝜔𝑡3 = 2𝜋3 − 𝛼 

∴  𝑡3 = 1𝜔 (2𝜋3 − 𝛼) 

∴ The required time = 𝑡1 + 𝑡2 + 𝑡3  

                                        = 1𝜔 (𝛽 − 𝛼) + √10𝑎𝑔 + 1𝜔 (2𝜋3 − 𝛼) 

                                       = √10𝑎𝑔 + √2𝑎𝑔 {2𝜋3 + cos−1 (13) − 2 cos−1 (23)} 
 

 

 

 

 

 

3𝑎2  

𝐶 

3𝑎2  

After hitting the floor, 𝑅 performs only simple harmonic 

motion. 

∴ The maximum height = 
3𝑎2  + 

3𝑎2                                                  = 3𝑎 

 

𝐶 

𝛼 𝜔𝑡3 𝜋/3 3𝑎2  

2𝑎 

3𝑎 

3𝑎 

4𝑎 

𝑂 

𝟓 

𝟓 

𝟔𝟎 

𝟓 

𝟏𝟎 

𝟓 

𝟓 

𝟏𝟎 
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(a)  

 𝑎, 𝑏 ≠ 0 and  𝑎 ∦  𝑏 

𝜆𝑎 + 𝜇𝑏 = 0  _____________(1) 

If 𝜆 ≠ 0, then 𝑎 = − 
𝜇𝜆 𝑏.  

This contradicts the given condition. 

∴  𝜆 = 0.   

Now, (1) gives us 𝜇𝑏 = 0 

Since 𝑏 ≠ 0, we have 𝜇 = 0 

∴  𝜆 = 0 and 𝜇 = 0 

 

𝟓 

𝟓 

𝟓 

𝟏𝟓 
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 𝐴𝐸      = 𝐴𝐷      + 𝐷𝐸       

      = 𝐴𝐷      + 12 𝐷𝐶       

     = 12 𝑎 + 12 (𝐷𝐴      + 𝐴𝐶      ) 

           = 12 𝑎 + 12 (− 12 𝑎 + 𝑏) 

           = 𝑎 + 2𝑏4 . 
 

      𝐴𝐹 ∥ 𝐴𝐸 (or 𝐴, 𝐸, 𝐹 are colinear) 𝐶𝐹 ∥ 𝐶𝐵 (or 𝐶, 𝐹, 𝐵 are colinear) 

 

 

 𝐴𝐹      = 𝐴𝐶      + 𝐶𝐹        ∴ 𝛼𝐴𝐸      = 𝑏 + 𝛽𝐶𝐵       

∴  𝛼 (𝑎 + 2𝑏4 ) = 𝑏 + 𝛽(𝐶𝐴      + 𝐴𝐵      ) 

𝑏 

𝑎 

𝐹 

𝐷 

𝐵 

𝐶 

𝐴 

𝐸 

𝟐𝟎 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 𝟏𝟎 

𝟓 

𝟓 
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∴  𝛼𝑎 + 2𝛼𝑏 = 4𝑏 + 4𝛽(−𝑏 + 𝑎) ∴ (𝛼 − 4𝛽)𝑎 + (2𝛼 + 4𝛽 − 4)𝑏 = 0 𝑎, 𝑏 ≠ 0 and 𝑎 ∦ 𝑏 give us, 𝛼 − 4𝛽 = 0 or 2𝛼 + 4𝛽 − 4 = 0 

∴  𝛼 = 
43 and 𝛽 = 

13  

 

 

(b) 

 

 

 

 

 

 

 

→ 𝑋 = 2𝑃 + √3𝑃 cos 𝜋6 − 𝛼𝑃 cos 𝜋3 

          = 2𝑃 + 3𝑃2 − 𝛼𝑃2  

          = 12 (7 − 𝛼)𝑃 

↑ 𝑌 = √3𝑃 sin 𝜋6 + 2√3𝑃 + 𝛼𝑃 sin 𝜋3  

       = √32 𝑃 + 2√3𝑃 + √32 𝛼𝑃 

       = √32 (5 + 𝛼)𝑃 

 

𝛼𝑃 

2𝑃 

2𝑎 

𝐹 𝐸 

𝐷 

𝐶 

𝐵 𝐴 

√3𝑃 2√3𝑃 

𝟓 

𝟓 

𝟓 

𝟓 𝟓 𝟐𝟓 

https://pastpapers.wiki/


                                                                        Confidential 

 

 

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) l Amendments to be included.          

  29 

 

 

 

 

 

 

 𝑖. 𝑒.  √32 (5 + 𝛼)𝑃 = √3. 12 (7 − 𝛼)𝑃 ∴  𝛼 = 1 

 

 

OR 

 

 

 

 

 

 

 

 

 

 

𝐴 ;  𝐺 = 2√3𝑃. 𝑎 +  𝑃 (√32 ) . 2𝑎  

            𝐺 = 2√3𝑃𝑎 (1 + 12) 

            𝐺 = 3√3𝑃𝑎  

 

𝐴 

𝐶 

𝐶 

𝐴 

𝛼𝑃 (√32 ) + 2√3𝑃 (12) − √3𝑃 (12) − 2𝑃 (√32 ) = 0. ⇒ 𝛼 = 1 + 2 − 2. ⇒ 𝛼 = 1.  

 

 

𝟓 

20 

         𝑅 = √3𝑃 (√32 ) + 2𝑃 (12) + 2√3𝑃 (√32 ) + 𝑃 (12) 

= 3𝑃2 + 2𝑃2 + 6𝑃2 + 𝑃2 = 6𝑃. 
 

𝟏𝟎 

𝟓 

𝟓 

𝟓 

25 

tan 𝜋3 = 𝑌𝑋 ∴ 𝑌 = √3𝑋 

𝟓 

𝟓 

𝟐𝟎 

𝑋 

𝑌 

𝜋3 

𝟓 

10 
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Magnitude of the resultant =  𝑅 = 6𝑃  

Direction: 

 

 

 

 𝐴 ;  3√3𝑃𝑎 = 6𝑃 (√32 ) 𝑥 

           ∴ 𝑥 = 𝑎 

 

 

 

 

 

 

  

 

R 𝜋3 

A 

6𝑃 

6𝑃 

6𝑃 

𝐶 

𝐵 𝐴 

≡ 

𝟓 

𝟓 

𝟓 

20 

𝟓 

𝟓 

𝑥 

𝑅 𝑅 

𝑅 

𝐴 

𝑅 𝐺 ≡ 
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                             𝐻 = 6𝑃. 𝑎 (√32 ) 

                            = 3√3𝑃𝑎 

Contraclockwise sense 

 

 

 

 

 

 

 

 

 

𝟓 

𝟓 

15 
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(a)  

    For the system; 

 

 

 

 

 

 

 

 

For 𝐵𝐶:  𝐵      2𝑤𝑎 cos 𝜃 + 𝐹2𝑎 sin 𝜃 − 𝑅. 2 a cos 𝜃 = 0 ∴ 𝑤 + 𝐹 tan 𝜃 = 𝑅 

 

𝜃 𝜃 

𝑌 

𝑋 
𝑋 

𝑌 

𝑤 

2𝑤 𝑤 𝐷 

2𝑎 

𝐹 

𝑅 

𝐶 

𝐵 

𝐴 

 𝐴 𝑅. 4𝑎 cos 𝜃 − 𝑤 (𝑎2 cos 𝜃 + 𝑎 cos 𝜃) − 2𝑤(2𝑎 cos 𝜃 + 𝑎 cos 𝜃) = 0 

 ∴ 4𝑅 = 32 𝑤 + 6𝑤 

      𝑅 = 158 𝑤. 
𝟏𝟓 

𝟏𝟎 
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∴ 𝐹 tan 𝜃 = 158 𝑤 − 𝑤. 
∴ 𝐹 = 78 𝑤 cot 𝜃.  

For the Equilibrium, 

                       𝜇 ≥ 𝐹𝑅. 
                78 𝑤 cot 𝜃 ≤ 𝜇 158 𝑤 

                   cot 𝜃 ≤ 157 𝜇. 
    

     ← 𝐵𝐶:      𝑋 = 𝐹 = 78 𝑤 cot 𝜃 

 

 

  

 

 

 

 

 

  

 

          ↑ 𝑅 + 𝑌 = 2𝑤                      𝑌 = 2𝑤 − 𝑅                         = 2𝑤 − 158 𝑤                         = 𝑤8  

 

𝛼  

𝑋  

𝑅  𝑌  

𝑅2 = 𝑋2 + 𝑌2        = 4964 𝑤2𝑐𝑜𝑡2𝜃 + 𝑤264     𝑅 = 𝑤8 √1 + 49 𝑐𝑜𝑡2𝜃 

tan 𝛼 = 𝑌𝑋 = 𝑤 8⁄7𝑤 8⁄ cot 𝜃 = tan 𝜃7  

      𝛼 = tan−1 (tan 𝜃7 ) 

𝟓 

𝟓 𝟒𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟐𝟎 

𝟓 
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(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝜋6 

𝜋6 

𝐷  

𝑊

𝑃  

𝐶  

𝐵  

𝐴  𝑑 

𝑏 

𝑐 

𝑎 𝑒 

𝐴     𝑃 cos 𝜋6 . 2𝑥 − 𝑊𝑥 = 0 

(Here 𝐴𝐶 = 2𝑥) ∴ 𝑃 = 𝑊√3 

𝑊√3 

𝑒 

𝑑 

𝑐 

𝑏 

𝑎 

𝜋3 

𝟓 

𝟏𝟎 

𝟑𝟎 

        Each Joint  10    
+ + 𝟏𝟎 𝟏𝟎 𝟏𝟎 

𝟓 
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Rod Tension Thrust 

𝐴𝐵  
2𝑊3  

𝐵𝐶  
2𝑊3  

𝐶𝐷 
𝑊3   

𝐷𝐴 
𝑊3   

𝐵𝐷 
2𝑊3   𝟓𝟎 

 magnitude -            each  

 

Tension/Thrust  

𝟓 

𝟏𝟓 

 

 

All 5 correct 

 

4 correct  
 

3 correct  

 

𝟓 

𝟏𝟓 𝟏𝟎 
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(i)    

 Semi-circular wire 

 

  

 

 

 

 

 

 

 

 

 

By Symmetry, centre of mass 𝐺 lies on 𝑥 −axis. ∆𝑚 = 𝑎∆𝜃𝜌, where 𝜌 is the mass per unit length.  

Let 𝑂𝐺 = �̅�.  

𝟓 

∆𝜃 𝜃 

𝑎 

𝐺 𝑎 

𝑦 

𝑥 𝑂 
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Then 

�̅� = ∫ 𝑎𝜌 acos 𝜃 𝑑𝜃𝜋 2⁄−𝜋 2⁄∫ 𝑎𝜌 𝑑𝜃𝜋 2⁄−𝜋 2⁄ = 𝑎 sin 𝜃     −𝜋 2⁄      𝜋 2⁄ |𝜃     −𝜋 2⁄      𝜋 2⁄ | = 2𝑎𝜋  

 

 

 

(ii)   

 

 

 

 

 

 

 

 

By Symmetry, centre of mass 𝐺 lies on 𝑥 −axis.  ℎ = 𝑙 cos 𝜃  ∆𝑚 = 2𝜋(𝑥 sin 𝜃)∆𝑥𝜎, where 𝜎 is the mass per unit length. 

 

∴ �̅� = ∫ 𝑥 cos 𝜃 2𝜋𝜎𝑥 sin 𝜃 𝑑𝑥𝑙0 ∫ 2𝜋𝜎𝑥 sin 𝜃 𝑑𝑥𝑙0 =  cos 𝜃 ∫ 𝑥2𝑑𝑥𝑙𝑜∫ 𝑥 𝑑𝑥𝑙𝑜 = ℎ 2⁄ 𝑥33     0     𝑙|𝑥22     0     𝑙| = 2ℎ3  

 

 

 The required distance .
3

h
  

  

 

 

 

 

𝟑𝟎 

𝑙 
𝜃 

∆𝑥 𝑥 𝑥 

𝑦 

𝟓 

𝟓 
𝟓 

𝟓 𝟓 

𝟓 

𝟓 𝟓 

𝟓 

𝟓 𝟓 
𝟑𝟎 
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𝑙 = 103 𝑎 

 𝑥 

 

𝑦 

 

𝑂 

 

𝐴 

𝐶 

2𝑎 

 

𝑎 

2𝑎3  

4𝑎3  

43 𝑎 
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By symmetry, centre of mass lies on the 𝑥 −axis. 

 883 𝜋𝑎2𝜎�̅� = 22𝜋𝑎2𝜎 (43 𝑎 + 4𝑎𝜋 ) + 203 𝜋𝑎2𝜎 (49 𝑎) − 53 𝜋𝑎2𝜎 (− 49 𝑎) + 43 𝜋𝑎2𝜎 (− 13 𝑎) 883 �̅� = 4𝑎 (223 + 22𝜋 + 2027 + 527 − 19) 

                                                                                                           2227 

 883 �̅� = 22 × 4𝑎 (1027 + 22𝜋 ) 

 

Object Mass Distance from 𝑂(↑) 

 

 

𝜋(2𝑎)(11𝑎𝜎) = 22𝜋𝑎2𝜎 

43 𝑎 + 2 (2𝑎)𝜋 = 43 𝑎 + 4𝑎𝜋  

 

𝜋(2𝑎) (103 𝑎) 𝜎 

= 203 𝜋𝑎2𝜎 

[23 (83 𝑎) − 43 𝑎] = 49 𝑎 

 

𝜋(𝑎) (53 𝑎) 𝜎 

= 53 𝜋𝑎2𝜎 

− 13 (43 𝑎) = − 49 𝑎 

 

2𝜋𝑎 (23 𝑎) 𝜎 

= 43 𝜋𝑎2𝜎 

− 13 𝑎 

 𝜋𝑎2𝜎 0 

 

22𝜋𝑎2𝜎 + 203 𝜋𝑎2𝜎 + 53 𝜋𝑎2𝜎
+ 43 𝜋𝑎2𝜎 

= 883 𝜋𝑎2𝜎 

�̅� 

 

𝑂 

𝑎 

2𝑎 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟏𝟓 
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883 �̅� = 88𝑎 ((10𝜋 + 27)27𝜋 ) 

 �̅� = 𝑎9𝜋 (10𝜋 + 27) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

�̅� 

 

𝛽 

 𝐺 

 

𝐴 

 𝐶 

 

tan 𝛽 = 𝐴𝐶𝐶𝐺 = 2𝑎43 𝑎 − �̅� 

= 18𝜋27 − 2𝜋 

∴ 𝛽 = tan−1 ( 18𝜋27 − 2𝜋) 

𝟓 𝟕𝟓 

𝟓 

𝟓 

𝟓 

𝟏𝟓 
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 (a) 

 

 

 

 

 

Let 𝑋 be the event that two red balls and one white ball are drawn. 

(i)  𝑃(𝑋) = 𝑃(𝑋|𝐴)𝑃(𝐴) + 𝑃(𝑋|𝐵)𝑃(𝐵)________________(1)  

  𝑃(𝐴) = 𝑃(𝐵) =  12. 

 𝑊 –  6 

 𝑅 −  4 

𝐴 

 𝑊 –  8 

 𝑅 −  2 

𝐵 

𝟓 

𝟓 
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          𝑃(𝑋|𝐴) =  410 × 39 × 68 +  410 × 69 × 38  +   610 × 49 × 38 

     = 310 . 
           

          𝑃(𝑋|𝐵) =  210 × 19 × 88 +  210 × 89 × 18  +   810 × 29 × 18 

     = 115 . 
 

Now (1) given as,                           𝑃(𝑋) =  310  × 12 +  115  × 12 =  1160 

 

 

(ii)                   𝑃(𝐴|𝑋) =  𝑃(𝑋|𝐴)𝑃(𝐴)𝑃(𝑋)  

 

= 310  × 121160  

 = 911 

 

 

  

𝟓𝟓 

𝟓 

𝟓 

𝟓 𝟓 

𝟓 

𝟓 

𝟓 𝟓 𝟓 

𝟓 

[or Bayes’ theorem] 𝟓 

𝟏𝟎 
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(b) 

𝑦 =  ∑ 𝑦𝑖𝑛𝑖=1  𝑛  

  

= 1𝑛𝛽 ∑(𝑥𝑖 − 𝛼)𝑛
𝑖=1  

 

= 1𝑛𝛽 {∑ 𝑥𝑖𝑛
𝑖=1  − 𝑛𝛼} 

 = 1𝛽 {∑ 𝑥𝑖𝑛𝑖=1𝑛  − 𝛼} 

 = 𝑥 − 𝛼𝛽 . 
 

2

y = ∑ (𝑦𝑖 − 𝑦)2𝑛𝑖=1 𝑛  

 

= 1𝑛 ∑ (𝑥𝑖 − 𝛼𝛽 − 𝑥 − 𝛼𝛽 )2𝑛
𝑖=1  

 = 1𝑛𝛽2  ∑(𝑥𝑖 − 𝑥)2𝑛
𝑖=1  

 

= 2

x𝛽2  

x
y




    ( 0)   

 

 

 

𝑦𝑖 = 𝑥𝑖 − 𝛼𝛽  𝟓 

𝟓 

𝟐𝟎 

𝟓 

𝟓 
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 𝑦 =  ∑ 𝑓𝑦∑ 𝑓  =  420100 = 4.2 

 

 

𝜎𝑦 = √∑ 𝑓𝑦2∑ 𝑓 − 𝑦2  =  √2120100 − 4.22 

 = √21.2 − 17.64 

 = √3.56   ≈ 1.887  
 

 

Let 𝑀𝑦 = Median of 𝑦 = 50th data 

Then 𝑀𝑦 = 3 + (50 − 30)40 (5 − 3) = 4 

 ∴  The coefficient of skewness of  

 

 

Class 

Interval 𝑥 
𝑓 Class 

Interval 

y 

Mid-

point 𝑦 
𝑓𝑦 𝑓𝑦2 

1500-3500 30 1-3 2 60 120 

3500-5500 40 3-5 4 160 640 

5500-7500 20 5-7 6 120 720 

7500-9500 10 7-9 8 80 640 

    ∑ 𝑓𝑦 = 420 ∑ 𝑓𝑦2 = 2120 

𝟓 𝟓 
𝟓 

𝟓 𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝟓 

𝑦 ≈ 3(4.2 − 4)√3.56 ≈ 0.317 

𝟓𝟎 
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 𝑥 = 1000𝑦 + 500 

   = 1000 × 4.2 + 500 

   = 4700 

 𝜎𝑥 = 1000 𝜎𝑦 

     ≈ 1000 × 1.887 

     =  1887 

 

The coefficient of skewness does not change.  𝑆𝑥 = 𝑆𝑦  ≈ 0.317 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝟓 

𝟓 

𝟓 

𝟏𝟓 
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