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A, B, C sigw wmisdseilen QUpOTEIRISMETS STEHIS.

4 3 2 :
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17. (@) cos(A+B), cos(A-B) aflsufens cos A, cosB, sind, sinB SiElweunpsd eTagas.

BFeOwmbam, cosC+cosD =2 cos( ¢ ;D) cos( ¢ ED) eTench ML (5.
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apsswTer GO Igsd, g wEdsre ABC Bhos Caramss GEflaws oy Hnes.

nclZ Be xxnr+L amd QamrehGeund, sin2x= ﬂn{_ Gl B (Beb.
2 1+tan” x
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Bt BNHMSS HTeTTS,
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priLGSse o eiengl. Gamsd BC Bb@ Besdnafla By o dn 2 griicod GRsD (& HED-

cot = %H st &L (B,

CB @i apsvib AB 53 apl B B @ o ghuiuGh WOOISHTEHHMHSLYD HICHTS.
o el STLLLLCGsien &l sd, Sieumiei
(penenmeiish gUotd apr UUCL &0 [Bem(psTsT
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Bamsimensnd QHTENBENS. @ FGenw W Sesl
' @ D @b OemiuseiL Ll y@msGh 285 Cousmen
FULLULE A @60 e Hevsuse Uamefulsh eliinmesii
Uenssasslul B, g6 HoedGgsas Sasbde, BD P
Bansodgise Enbs DG al® C G BErsh

CD Giymé QoigsHsTe 2_meih sl {elsn D
Henguiey IpGUTHesLLED @ sl P Gl tpsob, W

BILILgGS) snsudalILBaAGHIS.

(1) P @6l GumioTandmed Sreawis.

(i) Gumelelr @GRl el LwsTLESS, C,B, D audus apLBeehde S HOSL] af LGS eI
B mbE, Bameomeied 2 6en HMELLBEDET Do BlpeneuHsIT, 2 _SLILHENT &6l

B
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2. Sketch the graphs of y= 2|_\' & 1! and y= 3_| ¢| in the same diagram.

Hence or otherwise, find all real values of x satisfying the inequality 2..\-+2;+i_\ |s4.

Graph of y = 2|x+ 1|

1
ro
SR

Graph of y=2—|x|

(To earn all 10 marks, the common intersection point on the
y - axis must be seen; otherwise only 5)

The x — coordinate of one point of intersection is x = 0.
The x — coordinate of the other point of intersection is

givenby —2(x+1)=2+x for x < —1.

o 4
This gives x:—g. @

X L.
t= E substitution or

Let t=—.
2

equivalent

Then the given inequality becomes
2|2t +2+[21| < 4.

It is equivalent to
2le+1]<2-.

From the graphs, we have

correct solution seen

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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Aliter 1:

For the graphs @ +@, as before.

Case (1) | x < —2:

Then, 2|x + 2| + |x| <4isequivalent to 2(x+2)—x<4.

—— <Xx.

o . o 8
Hence, in this case, solutions are the values of x satisfying =3 <x<-2.

Case (il) | —2<x<0:

Then, 2|x+2| +|x| <4 isequivalentto 2(x+2)—x<4.

. x<0.

Hence, in this case, the solutions are the values of x satisfying 2 <x <0.

Case (iii) | x > 0:

Then, 2|x+ 2| +|x| <4 isequivalentto 2(x+2)+x<4

. x<0

Hence, in this case, there are no solutions. All 3 cases with correct solutions

only 2 cases with correct solutions

8
.". The solutions of the given inequality are the values of x satisfying — g <x<0.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
6
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Aliter 2:

For the graphs @ + @ , as before.

2|x+2|+[x| <4 is equivalentto 2|x+2| <4—|x].

both graphs

From the graphs,

2|x+2|<4—|x|

o — 8 <x<0 @ correct solution seen
3

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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3. Sketch, in an Argand diagram, the locus of the points that represent complex numbers z satisfying

Arg(z=1-i)=-=Z.
g(z-1-i) =% |
. o . . voige b . ) o
Hence or otherwise, show that the minimum value of |z -2 +i| satisfying Arg(iz+1=i) = T s —=.
ying . j ]
Vo

Arg(z—(l+i)):—%

y

Hole at 1+i

> X

Correct half line

Arg(i(z—i—l)) :%

coArgi+Arg(z—(1+10)) =
£ g( ) Breaking the argument of the product

. . T
to a sum, and using Argi = 3

Arg(z—(l+i)):—%

Now, min | z—(2— Z)| = AB Recognising the minimum distance

:l-cosz
4

Work leading to the answer

1
N

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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Aliter:

For the diagram@ + @ as before.

Let z=x+iy
T . . .
Then 2 =Arg(iz+1-i)= Arg(l—y+l(x—l))

x—1=1-y) @ Writing the given information as a

relation of x and y.

= x+y=2.

Now |z—2+i| :|x+iy—2+i|
=|(x=2)+i(y+1)|

:|y+i(y+1)|

=V +(y+1)’

Writing the absolute value as a
complete square of x or y.

2
j >0; (=0when y=—%).

Work leading to the answer.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
9
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e i 0

4. Let k> 0. It is given that the coefficient of x in the binomial expansion of (.1‘ +;‘T] and the
- V11 =¥

coefficient of x7 in the binomial expansion of (_.,-— L‘] are equal. Show that k= 1.

X

k > 0. For (x2 +§)11;

Tryr = 'C. ()" (Ej =IO g

X

Correct value of
22—-3r=7=r=>5

Correct coefficient

The coefficient of x” = ''C, k’

€
x2

11 »
j ; 7—;+1211C’, xll—r (_l)r( j :(_l)rllcr xll—3r

11-3r=—7T= r=6 Correct value of

.. The coefficient of x7 = "'C, @ Correct coefficient

Then, ''C, ="'C, K gives k=1, as ''C, ="'C;.

Work leading to the answer

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
10
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Tx—sin2
fanlx-sinzx = 4

0 2 (Visx—vi-x)

S. Show that Ilm
:

. tan 2x—sin2x
lim

=20 x*(J1+x—+1-x)

sin2x

—sin?2 Mrx+Jl—x
lim cos 2x S ( I+x+ ) @ Multiplying by the conjugate
-0 (14 x —+1-x) ( +4/1— )

lim sin 2x (1 cos2x) y (m+\/l_—x)

x—=0 2x x? cos2x

. . 2
<lim szx) x lim z(smxj x [ 1i ! >>< lim (\/l+x+\/l—x)

2x—-0 2x x—0 X -0 cos2x x—0

x 2 x 1 x 2

[ololol =

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
11
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Aliter 1:

lim tan 2x —sin 2x

x50 (firx—i—x)

_lim sin2x(1—cos2x) 1 J+x+/1-x @ multiplying by the

. ot
x—>0 x” cos 2x Jl+x—J1—x J1+x+/1-x comjugate

_lim sin2x(1-cos’ 2x) VI+x++1-x

x—>0 x?cos2x(l+cos2x) 2x

=4[ lim sin2x]3( lim 1 j( lim ;}( limOermJ

2x >0 2x x—>0cos2x \x—>01+cos2x )\ x—

1
=4 ><1><1><5><2 Eachlimit@

0000

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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Aliter 2:

lim tan 2x —sin 2x

conjugate

x>0 5?2 («/1+x —«/1—x) @ multiplying by the

lim 1 x( 2tan x 2 tan x j 1 o (MJF\/E)
? Jl+x—+1-x (ﬁ+m)

x50 x I1-tan’ x 1+tan’x

_lim 2tanx(2tan’x)  Nl+x++/1-x

x>0 x*(-tan*x) 2x

:2[ lim sinxn lim 1 H lim ;)( lim \/1+_x+x/ﬂj

x>0 x x—>0cosx ) lx>0l—-tan*x l x>0

=2 x 1 x1 x1 x2

Kclooo S0

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
13
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I“—,_‘ ,¥=0 and x = ¢*. Show that the area of § is 4
VX

6. Let S be the region enclosed by the curves y =
square units.
The region S is rotated about the x—axis through 2 radians. Show that the volume of the solid thus
81

generated is =3~ . Y,

@ Setting up the integral for S
&1
Areaof S= L DY

I

[ P | @ Integrziltion by parts or
=(Inx).2x?|] —L 2% x —dx equivalent
X

2 1
:4e—2J.1€ x 2dx

= de—(2x2)

=4e—4e+4

=4 @ Work leading to the answer

2
¢ (Inx i i
The volume required = J-l T ( j dx 33{321% up the integral for the

&2
1

N

2 2
_ ﬁj de
1 X

62

. (In x)’

Work leading to the answer

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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Show that the equation of the tangent line to the reatangular hyperbola parametrically given by

x=crand y= £ for t#0, at the point P = |cp, L1 is given by x + py = 2¢p.
1 p & v :

The normal line to this hyperbola at P meets the hyperbola again at another point Q = [(‘q. :_f)
Show that p*g=-1.

dy
and — =
dt

dy in terms of ¢
dx

1
*. The gradient of the tangent at P = _t_2

=~ The equation of the tangent at P:

c 1
yos = (x=p)
p p

. 2. _
X+ pTy=2ep. @ Work leading to the answer

The gradient of the normal at P = p°.

~ Equation of the normal at P; y Lo P (x—cp) @ Equation of the normal
P

Q= (cq,g) is on this line;
q

2 _% =p’(cqg—cp) =c(p—q)=—p’ge(p— q)® For the substitution

Since P and Q are distinct points, we have p # q.

Work leading to the answer

Aliter: (For the last part)

Gradient of PQ = Gradient of the normal line at P @ For the condition

+0) For the substitutions

Work leading to the answer

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
15
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Let A=(0,-1) and B = (9, 8). The point C lies on AB such that AC:CB=1:2. Show that the
equation of the straight line [ through C perpendicular to AB is x+y-5=0.

Let D be the point on / such that AD is parallel to the straight line y=5x+ |. Find the
coordinates of D.

2+1 j

The gradient of AB=1.
The gradient of [ =—1 For the gradient of /

Coordinates of C

=~ Equation of [:

Work leading to the equation
of /

Work leading to the coordinates
of D

Solving (1) and (2)

D=(,4). @ D=(1,4) seen

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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D.

Show that the straight line x + 2y = 3 intersects the circle § =%+ —4x+ |1 =0 at two distinc
points.

Find the equation of the circle passing through these two points and the centre of the circle S = 0.

S=x’+y"—4x+1=0 Aliter:
Let £ x+2y-3=0. @ @
Perpendicular distance from the centre < radius

¢ x=3-2y
On £ x=3-2y; Comparison

B-2y)Y+1»"-4(3-2y)+1=0

5y —4y-2=0 Forming a quadratic

Discriminant of this quadratic A=16+4(5)(2) @ Writing the discriminant

". Since A >0, thelinex+2y =3 intersects @ For A>0

S at two distinct points.

The equation of the required circle can be written as

X+ —4x+1+A(x+2y-3)=0, @ For the 4 form
where L € R

This circles passes through (2,0), we have
4-8+1+A4(2-3)=0
s A=-3

.. Equation of the required circle is
x*+y? —4x+1+(-3)(x+2y-3)=0

ie. x*+)°—-7x-6y+10=0.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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10. Express 2cos® x + 2+/3 sin x cos x —1 in the form Rcos (2x — cz), where R> 0 and 0 < @ < 2

Hence, solve the equation cos® x + V3 sinx cosx = 1.

2cos’ x+ 23 sinxcos x —1

=2cos’ x—1+/3(2sin xcos x)

=cos2x+ \/§ sin 2x @ Writing the expression using

cos 2x and sin 2x

=2 lcos2x+—3sin2x
2 2

= 2cos(2x—£j
3

Here R=2 and a——

®©

The equation cos” x + \/5 sin x =1 is equivalent to

2cos> x+2/3sinxcosx—1=1.

2cos[2x——j—1
3

>-5)
cos| 2x—— |=— seen
3 2

Correct solution seen

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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I11.(a) Let k> 1. Show that the equation 2 =2(k+ D x+ (k=3)2=0 has real distinct roots.
Let a and § be these roots. Write down a+f and aff in terms of k, and find the values of k

such that both a and f are positive.

Now, let | <k <3. Find the quadratic equation whose roots are Jl_— and \/T , in terms of k.
a B

(b) Let f(x) =2x+ax*+bx+1 and g(x) = x> +cx*+ax+ 1, where a, b, c €R. It is given that the
remainder when f(x) is divided by (x —1) is 5, and that the remainder when g(x) is divided
by ¥ +x—2 is x+ 1. Find the values of a, b and c.
Also, with these values for a, b and ¢, show that f(x)—2g(x) < % for all xER.

(a)
Let A be the discriminant of x* —2(k +1)x + (k —3)> =0.
Then A = 4(k +1)> —4(k —3) @

=4k +1+k=3)k+1—k+3)

=32(k —1).

Since k >1, we have A > 0. @

.. The given equation has real distinct roots.

a+pf=2(k+1) and aff=(k-3) @ + @
For & and f both to be positive,

we must have o+ >0 and off > 0.

Since & >1, we have a+ﬂ:2(k+1)>0@

and af =(k—3)" >0 ifand only ifk;t?).

.". The required values of k are 1 <k <3 or k> 3.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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Now let 1<k <3. Notethat « >0 and S >0.

The equation whose roots are

ff("

1

ie. \Japx’ —(Na+B)x+1=0.

Note that /a8 =[(k—3)* =|k=3|=3—k (. 3)
Mm%J;+Jﬁf=a+ﬁ+Aﬁﬁ <:>

=2(k+1)+2(3—k)

=38.
Ja+JB=22 @ (® £ >0.)

.. The required equation is (3—k)x> — 2J2x+1=0 @

f(x)=2x"+ax* +bx+1 and
g(xX)=x"+cx’ +ax+1

Since the remainder when f'(x) is divided by (x—1) in 5, by the Remainder

Theorem, f(1)=35. @

. a+b+3=5

a+b=2. @

Since, the remainder when g(x)in divided by x* +x—2 is x+1, we have
g(x)=x+cex’ +ax+1=(x"+x-2)(x+A)+x+1for Ac R @
()

sg(x)=x(x* +x-2)+x+1

=x+x°—x+1. Hence¢=1 and a=-1.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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f(x)-2g(x)=2x" —x" +3x+1-2(x" +x* —x +1)

=-3x"+5x—1 @
( 5}2 25 1
x—=| =242
6 36 3
&
36

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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12.(a) It is required to form a 4-digit number consisting of 4 digits taken from the 10 digits given
below:
1,1,1,2,2.3.3.4,5.5

Find the number of different such 4-digit numbers that can be formed
(i) if all 4 digits chosen are different,

(i) if any 4 digits can be chosen.

~16r° +12r* +40r +9
5(2r+1)2(2r-1)>2

let U = for reZ".

L Ar=1) ' (r=38)
@2r+1)* (@r-1)

Determine the values of the real constants A and B such that U, y forre€Z .

Hence, find f(r) such that LU,. = f(r)-f(r-1) for r€Z", and

Sr—l

fi
show that z L_I U =1+—"=1__ fornez".
r=1

5" 5"(2n+1)°

x
Deduce that the infinite series 2 ;l_l U, is convergent and find its sum.
=

r=1

1,1,1,2,2,3,3,4,5,5

Four different digits out of 1,2,3,4 and 5

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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(i1) four digit numbers can be formed by

number of different such 4 digit
numbers

four different digits

only one digit is repeated twice
and the other two are different

Two digits repeated twice

one digits repeated thrice

The required number of ways =120+288+36+16 @

MO

For r e #

_ —167° +12r* +40r +9
' 52r+1)*(2r -1y

g _AC=)  (=B) _AC-DQr=’-(=B)Q2r+1)’
TQ@r+)? @r-1?* Qr+1)>(2r-1)°

o 1677 +1207 +40r +9 = 5A(r —1)(4r> —4r +1) = 5(r — B)(4r> + 4r +1)

Comparing coefficients of powers of 7 :

3

r*:12=54(-8)—-5(-4B+4)
r':40=254-5(1-4B)

P 9= _54+5B

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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1
These giveus A = 3 and B=2.

_ _r=2
52r+1)°  (2r-1)

1 r—1 r—2
S Ur = 2 ol 2
5 5"2r+1) 57 (2r-1)

and hence,

1 r—1
= - —1), where r)y=——.
5 J) 5" (2r+1)°

51 U, = (1)~ £(0)

—U AR RIA } @

5,}2 — f(n=1)- f(n-2) @
U, = f)= £
i%U,zﬂn)—f(m (s)
5(2 +1) 7~ (D @
1+n;12 for ne# @
5"(2n+1)

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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. -1
lim Y U = lim | 1+ —2——
now S5 s | 5T (20 41)

O "0

e w1 . .
.. the infinite series ZﬁUr is convergent and the sum is 1.

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
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a 0

3 I ; a 1.7
13.(a) Let A = and B = , where a €R.
0O a |l R T

Also, let C = ABY. Find C in terms of a, and show that C' exists for all a # 0.

Write down C™ in terms of a, when it exisls.

e ouet]l | 9
Show that if C =3 , then a=2.
~11
With this value for a, find the matrix D such that DC — CTC = 81, where I is the identity

matrix of order 2.

t y ; e .
Let z, =1++3i and zy=1+i. Express — in the form x + iy, where x, y ER.

-y
Also, express each of the complex numbers z and z, in the form r(cos £ + isin @), where r > 0

and 0<f< % , and hence, show that ! — ﬁ(u;g% +isin _I"% .

29

L

Deduce that t't)ﬂ[f]: 1++3

|'i

let n€EZ and 0 #2kw+ g for ke Z.

2

Using De Moivre’s theorem, show that (1+itanf)" =sec” B(cosnf +isinnf) .
Hence, obtain a similar expression for (1-itan@)", and

show that (1+itan®)" + (1 —itan®)"=2sec" Hcosnf.

Deduce that :=:'1;1n(-|":r]I is a solution of (1+2)¥ +(1-2»=0.

@ All 4 entries correct
(@) only 3 correct
a 1

s /a0 3 (@’ +3 a+3
C=4B _(0 a 1) i 2 - <a+1 1

|| =(a’ +3)—(a+1)(a+3)=—4a

2o

C™' exists forall a #0.

All 4 entries correct
only 3 correct
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- ﬁ(a_+11 _c;;r_:«; 3) (é) - ﬁ (—zjza: as_ 5

1
4a (—2§2a++a5— 5) - % (—31)

2a+5 9 2d*+a-5
=— and ———=
4a

4a 8
These two equations give us a = 2. @

When a=2, C = (; i

DC—C"C =8I isequivalentto D—C" =8IC™".

1+

All 2 entries correct
only 1 correct

S =1
\_Y_)

\/E(coszﬂ'sin Zj
4 4

T .. T
2| cos—+isin—
4 _ ( 3 3J _

% ﬁ(cosjﬂ'sinj)

:«/5 cos£+isin£
12 12
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Equating real parts,

For neZ and 9¢2kﬂi§forkez,

(1+itan@)" = ln (cos@+isin )" @
cos” @

=sec” O(cos nf +isin nb)

(1-itan0)" =(1+itan(—0))"

=sec” (—0)[cos n(—0) +isin n(—6)]

25
(1+2)” +(1-2)” =£1+itan(%jj J{l—itan(
2sec” (1) CoS 25(1)
10 10

= 0, as cos25 x =cos£=0.
10 2
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4x+1

- " - -‘?
xx=2) forx=0, 2.

14.(a) Let f(x)=
2(2x—1)(x+1)
_1'1{_1_’_1_]3

Hence, find the intervals on which f(x) is increasing and the intervals on which f(x) is decreasing.

Show that f'(x), the derivative of f(x), is given by f'(x)=— for x# 0, 2.

Sketch the graph of y = f(x) indicating the asymptotes, x-intercept and the turmning points.

Using this graph, find all real values of x satisfying the inequality f(x)+|f(x)[>0.

The shaded region S of the adjoining figure

shows a garden consisting of a rectangle and

two sectors of a circle each subtending an
37 3 - :
angle 1-31 at the centre. Its dimensions, in

metres, are shown in the figure. The area of §

is given to be 36 m?. Show that the perimeter

2
pm of §is given by p=2x+ ——2‘- for x>0

and that p 1s minimum when x = 6.

(a)
4x+1

For x#0,2, f(X)=m

Then, f'

B _2(2)62 +x-1)
x*(x—2)

Turning points:

f1(x)=0

) () () =)

N el 7 N

decreasing increasing increasing decreasing decreasing

OB ORRORNORNO
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- f(x) is increasing on [—1,0) and (0,%}

and decreasing on (—oo,—l] , ‘:%,2) and (2,00).

Turning points: G, - 4) is a local maximum. @

(—1,—1) is a local minimum.

| (2
- int t: | ——,0
x - intercep ( 1 j @

Horizontal asymptote: lirll fx)=0+~ y=0 @
X—>1T 00

Vertical asymptotes: x=0 and x=2. @

y

A

(&

Note that f(x)+| f(x)| = {of(X) ;f ;gg Z 0.

S f(X)+]f(x)| >0 ifand only if £(x)>0.

.. The real values of satisfying f(x) +| f (x)| >0 is given by

= —i<x<0 or x>2. @
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()

For x> 0;

Given: 36=xy+§7rx2

36 3
y=—-——nx for x>0
X

p=2x+2y+2 (%ﬂx]

:2x+2(ﬁ—§ﬂxj+§7zx
x 8 4

.'.p:2x+2 @
X

d_, 72

x> 0.
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15.(a) Find the values of the constants A, B and C such that
*+3° +42+3x+ 1 =A(x2+ 1) + Bx(x®+ 1) + Cx2 for all xER.

:1'"_‘ +3x° +4x* +3x +1
2 7
x(x*+1)°

4 Al y
find J.x +3x +14,t ’+3A+ldx_
x(x®+1)"

Hence, write down in partial fractions and

1
4

(b) Let I= sin"(d.r)d.x. Show that 7= — X _dx and hence, evaluate I,
24 2 l—-x
0

(¢) Show that (—;J-‘;(xlnl,wr2 +I'5+2ran'l.r—2.t)= In(x? +1).

|
Hence, find Jln(_t'2+l}d.x' and show that [In(_t'2+l]d4'= %(ln4+:r—4].

0

@

a
Using the result Jff.r)d_r: J f(a-x)dx, where a is a constant,

0 0
1

find the value of J |ﬂ[{-l'2+i}(.r1—2,1'+2]]d.\'.

0

(a)

x*43x° +4x7 +3x+1= A(x* +1)* + Bx(x> + 1)+ Cx’
= AX* +2x> + 1)+ B(x’ +x)+Cx’

Comparing coefficients of powers of x;

X 1=A
X: 3=B

x: 4=2A+C ®+ @

x:3=B
xt1=4

S.A=1, B=3and C=2. @
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xP+3x° +4x7 +3x+1 1 3 2x
2 2 =—-t3 +— 2
x(x”+1) x x+1 (x*+1

4 3 2
J~x +3x +24x 12L3x+1 J‘ det . @
x(x"+1) +1 (x* +1)

= 1n|x| +3tan” x— where E is an arbitrary constant.

Let Vx =sin@ = dx=2sinfcosbfdl

0 =0 when x=0

1
Gzzwhen x=— @
6 4
: .
‘/ X dx :J-smé’ 2sin @ cos 8d 6 @
1-x , cos
= | (1-cos28)db @
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(9 - lsin 29)
2

_3«/§—7r

4 (xIn(x* +1)+2tan"" x —2x)
dx

1 >
= 2x)+In(x"+1)+
x(x2+lj( )+ 1n( ) 1+ x?

233 +2-2(1+x%)
\ 1+)C2 J
Y

=In(x* +1)+

Iln(xz +1)dx = xIn(x* +1)+2tan"' x—2x+ C, where C is an arbitrary constant. @

;jmu¥+ndx:m2+2(%j—z <::>

=2+2-2

=%(21n2+7z—4)
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1

j In[ (* +)(x" —2x +2) dx

0

= jln(x2 +1) + j‘ln(x2 —2x+2)dx @

1
Now Iln(xz —2x+2)dx
0

:jln((l—x)2—2(l—x)+2)dx

0

= j-ln(xz +1)dx @

jln [ (7 +D(" —2x+2) |dx = 2j1n(x2 +1)dx
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16. Let P=(x,,y,) and [ be the straight line given by ax+by+c=0. Show that the coordinates of
any point on the line through the point P and perpendicular to [ are given by (x,+at,y,+bt),

where tER.
Dechuce thias e parpendioelar diimnce fro 2 1 i o 2Lt

educe that the perpendicular distance from P to [ is m
Let [ be the straight line x+y—2=0. Show that the points A=(0,6) and B=(3.-3) lie on
opposite sides of [
Find the acute angle between [ and the line AB.
Find the equations of the circles S| and S, with centres at A and B, respectively, and touching /.
Let C be the point of intersection of / and the line AB. Find the coordinates of the point C.
Find also the equation of the other common tangent through C to S, and §,.
Show that the equation of the circle that passes through the origin, bisects the circumference of

S, and orthogonal to §, is 3x*+ 3y? —38x—22y = 0.

ax+by+c=0 (Note that a + b2 # 0)

b
The equationof [': y—y == (x—x,). @
a
=Ny (say) @
a
Then x=x, +at, y=y, +bt @

(This is valid even when a =0 and b # 0 or when a #0 and 5 =0.)

b
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Let Q=(x,,y,) =(x, +at,,y, +bt,) be the point of intersection of / and /'.
Since Q is on [,we have a(x, +at,)+b(y, +bt))+c=0.

_ (ax, +by, +c¢)

g |
a’+b*

The perpendicular distance from P to [ = PQ

:\/(xz_x1)2+(y2_y1)2 @

= Ja’1} + b
=‘\/a2+b2 |t1|. @

_ ’_a2+b2. |axl+byl+c|

(@’ +b%)

B |ax1 +by, +c| @
Na* +b? '

£ 2=0
0+6-2)3-3-2)=-8<0 @ .. 4 and B lie on opposite sides of ¢

The gradient of 4B = =3 @

The acute angle between £ and AB

el ©
1+(=1)(=3)
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. 0+6-2] _ 3_
The radius of S, = T =22 and the radius of S, = 5 -

LSt +(y—6) =8 @

ie. X+ —12y+28=0.

S i(x=3) +(y+3)> =2 @

ie X’ +)°—6x+6y+16=0

AC:CB=2\2:\2=2:1 @

o[ 0+0 6461
..c_[ T J (2,0)@

Let m be the slope of the other common tangent through C.

.'.tané’:l: m——(—3) @
2 [1+m(-3)

1-3m=2m+6 or 3m—1=2m+6

m=-1 or m=7
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Let S=x"+1y"+2gx+2fy+c=0 be the required circle.
Since S passes through the origin, ¢ = 0.

As S bisects the circumference of S, the common chord passes through A.

The common chord is S =S8, =2gx+(2f +12)y—-28=0 @
A=(0,6) ison S—S§, =0, we have
(2f +12)(6)—28=0.

11
(7 +6)3)~7=0, which givesus /=1L @

Since S is orthogonal to S,, 2g(-3)+2f(3) =0+16.

.~_—3g+3(_711]:8, which gives us :g:—%_ @

.. The required circle is

X+’ +2(_719]x+2[_711]y20 @

3x* +3y* —38x-22y=0.
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17.(a) Write down cos(A+B) and cos(A-B) in terms of cosA, cosB, sinA and sinB.

Hence, show that cosC +cosD= EL'iws[F;D] CUS(C;‘U)

Deduce that COSC—L‘USD‘:-QHiII(CED]SiH(Q}.

B
L

Solve the equation cos9x+cos7x +cotx (cos9x —cos7x)=0.

In the usual notation, state and prove the Cosine Rule for a triangle ABC.

2lanx
1+ @an” x

In a triangle ABC, it is given that AB=20cm, BC=10cm and sin28=22.

Let x#nx+ for n€ Z. Show that sin2x=

Show that there are two distinct such triangles and find the length of AC for each.

By
(¢) Solve the equation sin”'|(14¢7) 3]+lan"1r"):lan =y,

(a)

cos(A+B)=cos Acos B—sin AsinB ——»

cos(A—B)=cos Acos B+sin AsinB ——

cos(A+ B)+cos(A—B)=2cos Acos B @
C+D C-D

Taking A+ B=C and A—B=D, wehave 4= 5 ,B=

COSC+COSD=2COS(C;D)COS(C;D

2

Now, cosC—cosD =cosC+cos(z—D)

:2cos(—c+(”_D)jcos C-(z=D)

2
. (D-C). (C+D
=2sin sin
(55 )m(52)

10 - Combined Mathematics I (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) | Amendments to be included.
40



https://pastpapers.wiki/

Confidential

cos9x +cos7x+cotx (cos9x—cos7x)=0 (sinx #=0)

COS X ) .
.. 2cos8xcosx +——(—2sin8xsinx) =0
sin x

s.cosx=0 or (cos8x—sin8x)=0. @

S.cosx=0 or tan8x =1.

x=2m7zi% form e Z or 8x=n7r+% for neZ

)c=2m7r4_rZ form e Z or x:ﬂ+£forneZ.
2 8 32

Cosine Rule: Let ABC be a triangle.

Then a® =b* +c¢* —2bccos A

C
b
D

Proof: Let D be the perpendicular of the foot from C on AB. Then by the Pythagoras Theorem.
BC*=BD*+DC* — @

Case (1) A4 is acute; Case (i) 4 is obtuse

DC =bsin 4 DC =bsin(r—A) =bsin 4
DB=c-bcos 4 @ DB=c+bcos(r—A) =c—bcos 4

.. In both cases, @ gives us @’ =b’sin A+ (c—bcos 4)’

2 2 2

=b>+c*—2bccos A (.

When A = % cos A =0 and this holds in that case too. @
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v/
Letx¢n7r+5. (cosx #0)

. 2sin x cos x 5
Sin2x=————— x ¢cos" x
cos” x

_2tanx

sec’ x

2tan x

. 24
sin2B=— = Bis acute
25

2t 24
~=—, where f =tan B
1+t 25

122 25t +12=0
(4 —-3)(3t—4)=0

FENORC

.. two distinct solutions for B.

.. two distinct such triangles.

3
B is an acute angle cos B = 3 or cosB = 3

When cos B = %; AC? = (20)* +10° —2(20)(10)@) — AC =24J65. @

When cosB = %; AC? =(20)* +(10)* —2(20)(10)[%} — AC =6+/5. @

Then sina :(
stana=e'. @
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Then, the given equation becomes @ +a = 1.

e" >0, (—) sign cannot be taken.

. —1+/5
e =———

2

J5-1 @
x=In| 21|
2

Note that this value of x satisfies the given equation.
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G. C. E (Advanced Level) Examination - 2021(2022)

10 - Combined Mathematics 11

Distribution of Marks

Paper 11
Part A 10 X 25

Part B 05 X 150

Final marks

L
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Common Techniques of Marking Answer Scripts.

It is compulsory to adhere to the following standard method in marking answer scripts and
entering marks into the mark sheets.

Use a red color ball point pen for marking. (Only Chief/Additional Chief Examiner may use a
mauve color pen.)

Note down Examiner's Code Number and initials on the front page of each answer script.

Write off any numerals written wrong with a clear single line and authenticate the alterations
with Examiner's initials.

Write down marks of each subsection in a A and write the final marks of each question as

arational numberina with the question number. Use the column assigned for Examiners
to write down marks.

Example: Question No. 03

MCQ answer scripts: (Template)

1. Marking templets for G.C.E.(A/L) and GIT examination will be provided by the Department of
Examinations itself. Marking examiners bear the responsibility of using correctly prepared
and certified templates.

Then, check the answer scripts carefully. If there are more than one or no answers Marked
to a certain question write off the options with a line. Sometimes candidates may have
erased an option marked previously and selected another option. In such occasions, if the
erasure is not clear write off those options too.

Place the template on the answer script correctly. Mark the right answers with a 'v' and the
wrong answers with a 'X' against the options column. Write down the number of correct
answers inside the cage given under each column. Then, add those numbers and write the
number of correct answers in the relevant cage.
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Structured essay type and assay type answer scripts:

1. Cross off any pages left blank by candidates. Underline wrong or unsuitable answers. Show
areas where marks can be offered with check marks.

Use the right margin of the overland paper to write down the marks.

Write down the marks given for each question against the question number in the relevant
cage on the front page in two digits. Selection of questions should be in accordance with the
instructions given in the question paper. Mark all answers and transfer the marks to the front
page, and write off answers with lower marks if extra questions have been answered against
instructions.

Add the total carefully and write in the relevant cage on the front page. Turn pages of answer
script and add all the marks given for all answers again. Check whether that total tallies with
the total marks written on the front page.

Preparation of Mark Sheets.

Except for the subjects with a single question paper, final marks of two papers will not be calculated
within the evaluation board this time. Therefore, add separate mark sheets for each of the question
paper. Write paper 01 marks in the paper 01 column of the mark sheet and write them in words too.
Write paper Il Marks in the paper Il Column and wright the relevant details.
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Part A

1. A particle P of mass m and a particle Q of mass 2m moving on a smooth horizontal table along
the same straight line towards each other with speeds 4u and u, respectively, 0
¥ ?

s e s i 4 g I
collide directly. The coefficient of restitution between P and Q is 5 Show @_—iu 1 @

that the particles P and Q move away from each other after the collision.

Find the time taken, after the collision, for P and Q to be at a distance a apart.

I = A(mY) for the system:
0 = (2mV, — mVp) — (4mu — 2mu) @ I = A(my) for Pand Q

= 2V, — Vp = 2u @

By Newton’s Experimental Law,

Vo +Vp = % (4u + 1) @ Newton's Experimental Law

VQ +Vp =4u @
For both Vp and VQ

:Vo = 2uand Vp = 2u. @
@+@ VQ>Oande>O

~ P and Q move away from each other after the collision. @
V(P,Q)=V(P,E)+V(E,Q)

For both Vp >0 and

V, > 0 or equivalent

=2u+ 2u

=4y <*+—

The required time = =, @
4u
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A particle is projected from a point O at a vertical distance a above a \;E

horizontal ground with initial velocity /ga and at an angle a |0 <a < %)

to the horizontal, as shown in the figure. The particle strikes the ground

at a horizontal distance a from O. Show that taneat = 1 + e

FromQOtoAS = ut+%at2:

— 1 .2
— a=,/gacosat os=utzat

— : 1 42 — 1 42
T —a=,/gasina t—-gt Ts=u+zat

. a
@ givenus t = ———.
gacosa

. 1 a?
givenus —a=atana —-g—-——

gacos?(a)

-2 =2tana — (1 + tan?a). For the quadratic in tan &

ie. tan’a—2tana—1=0.

—2+V4+4
> -

1++2

~tana =

(=) sign is not possible as 0 < a < g

Selecting the correct sign
~tana =1+ V2.
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A particle P of mass m is placed on a smooth horizontal table and is
connected to a light smooth pulley ©Q by a light inextensible string which
passes over a fixed small smooth pulley at the point A of the edge of
the table. A light inextensible string which passes over the pulley Q is
connected to particles of masses 2m and 3m, as shown in the figure.
The particles and the strings lie in a vertical plane. The system is released
from rest with the strings taut. Obtain equations sufficient to determine
the acceleration of Q.

alPE)=f —>»»
2(3m,Q)=Fi

Applying F = ma:

Q— - (&

@ l ZTZ—T1=O@ F =maforQ
@ T T, — 2mg = 2m(F — f) @ £ =mg for 2m

O l 3mg — T, = 3m(F + f) O F = ma for 3m
or
@ @and @ lT1—2m9—3mg = 2m(f — F) = 3m(f + F)

F = ma for Q, 2m and 3m
Note: Any 4 correct independent equations

25
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A car of mass M kg moves upwards with a constant acceleration along a straight road of inclination
5in'](jiﬂ) to the horizontal. There is a constant resistance of B N to its motion. The distance travelled

by the car to increase its speed from 36 kmh™' to 72 km h™' is 500 m. Obtain equations sufficient
to determine the power exerted by the car when its speed is 54 km h™'

For forces with or without S

1
sina = 7
36 x 1000

3600

72 X 1000 For all three conversions of
—————=20ms""! speeds

=10ms~?

3600
54 x 1000
3600

/v = u® + 2as:
: 2 2
20% = 10 + 2f(500) @ Applying v =u+2as

150 3

f=50=1™M

A F =ma: @ Applying F' = ma e

F—R—Mgsina = Mf

P=F-V
@ P=F-15 seen

=15ms~!
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One end of a light inextensible string of length 2a is attached
to a fixed point A which is at a distance a vertically above a
smooth horizontal table. A particle P of mass m, attached to

the other end of the string, moves in a horizontal circle on the

—

table with the string taut and with uniform speed \/g (see the

. - . . " . :'\
figure). Show that the magnitude of the normal reaction on the particle P from the table is §me

For the forces

Applying F = ma:

. T ga
«Tsing=m——Fx-
3 2(2asin3)

T= % seen or implied

1 F =ma T
TR—mg+Tcos§=0 @ - =

mg
6

S R=mg—

Work leading to the answer

25

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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are 2i —3j and i-2j, respectively. Using AO-AB , find OAB.
Let C be the point on OA such that ()(""B:{f. Find OC.

6. In the usual notation, the position vectors of two points A and B, with respect to a fixed origin O

A

0A=2i—3j and OB =i — 2j

~ A0 = —2i+3j and

4B = (i-2)) - (2i - 3)) @

4G - 4B = |0A||4B|cos 6 @

2+ 3= 13V2 cos@

5
cosf = —

V26

0 = cos™! (\/%_6)

0C = 104 ,where 2 € R, and CB = (i—2j) - A(2i - 3))

OA - CB =0givesas2(1—2,1)—3(—2+3/1)=0@

and 0C = % (2i = 3))

o is terms of l and ]

Definition of Au+ Ao
or equivalent

S
V26

T

A
condition for OCB = >

value of A or equivalent

25
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7. A uniform rod AB of length 8¢ and weight W has its end A
smoothly hinged to a fixed point. One end of a light inextensible
string of length 4a is attached to the point C on the rod such
that AC = 3a, and the other end is attached to a fixed point D
vertically above A such that AD = 5a (see the figure). The rod is
in equilibrium. Show that the tension of the string is oy,

15
Also, find the horizontal component of the reaction at A.

For the forces

i (3

For the equilibrium of the rod:

A ti fficient t
TN W x 4acosf —T X 3a = 0 @ ﬁgde%ualonsu icient to

work leading to the answer

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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8. A particle P of mass m is placed on a rough plane inclined at an
angle % to the horizontal. One end of a light inextensible string
which passes over a fixed small smooth pulley fixed to the edge of the
inclined plane at A, is attached to the particle P and the other end to
a particle Q of mass A mg, as shown in the figure. The coefficient of
friction between the particle P and the inclined plane is % . The line
PA is a line of greatest slope of the inclined plane and the particles
P and Q stay in equilibrium with the string taut.

] 2 3 . 5
Show that —— <A =< . (The relevant forces are marked in the figure.
22 22 el

A

For the equilibrium:

@ An equation leading to the
value of R.

value of 7.

@ T T—2Amg=20 @ An equation leading to the

T = Amg

An equation leading to the

@ /1 T —F —mg sin G) —0 @ value of F.

F=Amg—% = %(\/Zl—l)

For the equilibrium of P:
Lo IFl @ Condition for non-slipping
2 = R with absolute value.

1

2

[V2a—1| <

work leading to the answer

() Lcas
2v2 2v2 25
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9. Let A and B be two independent events of a sample space £2. In the usual notation, it is given that

P(A)= lq and P( Blz% .Find P(AU B).P(A|AU B) and P(B| A"), where A" denotes complementary

event of A,

1 3
P(A) =§,P(B) ZZ

Since A and B are independent, For the condition for
P(ANnB) =P(A)-P(B) @ independence
3
~ 20
P(AuB)=P(A)+P(B)—-P(ANB) @
1 3 3 4

=5t172075

P(ANn (AUB)) P(A) 1/5 1 1 .
P(A|AUB) = P(AUB) = PCAUB) = 1/ =7 @ 3 or equivalent seen.
P(BNA"

P(A")

Formula a for P(4U B)

P(B|A") =

3

3 3 3 )
P(BNA)=P(B)—P(ANB)=———=— 2 or equivalent seen.
( ) (B) ( ) 4 20 5 @ 5

3 4
P(BNA) =P(B)-P(4) =7 X<

3/5 3 3 .
N=—"—=— 2 or equivalent seen.

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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10. A set of five observations of positive integers has mean 6 and range 10. It has two modes.

If the median is different from the modes, find the five observations.

Let the numbers in the increasing order be

a,a,b,c,c

Since the range is 10, we have ¢ — a = 10. Condition for the range

sc=a+10 —(@)

. . 2a+b+2c . .
Since the mean is 6, we have — = 6. ———(2) @ For this or an equivalence

(1) and (2)givesus 4a + b + 20 = 30

An equation sufficient to
ie. 4a+b=10 —(3)@ d

determine the observations

Since a and b are positive integers,

Then, (3) Implies that 4a < 9 and the only possible values

for a are 1 and 2.

Ifa =1,thenb = 6.

the median is different from the modes.

If a = 2, then b = 2, and it is not possible as @ Mean # mode used.

. The numbers are 1,1,6,11, 11. Q 1, 1,6, 11, 11 seen.

25
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11.(a) A particle P, projected with a velocity u ms™ vertically upwards from a point O, reaches a
point A after 4 seconds and comes back to A again after another 2 seconds. At the instant
when the particle P is at A for the second time, another particle Q is projected with the same
velocity u ms™! vertically upwards from O. Sketch the velocity-time graph for the motions of
P and Q, in the same diagram.

Hence, find the value of u and the height of OA in terms of g, and the time taken by Q to
collide with P.

A ship S is sailing due north with uniform speed u km h™! relative to earth. At a certain instant,
a boat P is at a distance d km east of § and another boat Q is at a distance /3 d km south
of §. The boat P travels in a straight line path intending to intercept S with uniform speed
2u km h™' relative to earth and the boat Q travels in a straight line path intending to intercept P
with uniform speed 3u km h™' relative to earth.
Show that

(i) the time taken by the boat P to intercept the ship § is 4 h,

V3u

(ii) the boat P intercepts the ship § before the boat O intercepts the boat P.

TZ=2=TU=1. @

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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From A ROU, we have g = —.

SU= Sg @

ST
From A STU, we have g = 0= ST. @

The height of 0A = Area of ORST.

Let T be the time taken by Q to collide with P.
OA = AreaVZMX + Area WZMY

= Area VWYX

1
=5 (VW +XT) x ZM

s 129 =5(6g +69) X T
-~ T = 2 sec. @

V(S,E)=Tu
V(P,E) = 2u
V(Q,E)=3u

V(P,S) =«
V(Q,P) = i/i%

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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v(P,S)=V(PE)+V(ES) +
=V(E,S)+V(P,E) @ @

=XY +YZ

=XZ

. . d d
The required time = 2= 3 h. @

V(Q.P) = V(Q.E) + V(E,P) @
=V(E,P)+V(QE)

=7Y + YL

ZL = /(3u)? — (2u)? = V5u @

Let t, be the time taken by Q to intercept P.

VB dsec(T/g)
V5u

- 5
" VBu
Lty < ty.

Then, tz =

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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12.(a) Equilateral triangle ABC in the figure is the vertical
cross-section through the centre of gravity of a smooth
uniform wedge of mass 3m with AB = BC = AC = 6a
such that the face containing BC is placed on a
smooth horizontal floor. The lines AB and AC are
lines of greatest slope of the faces containing those.
The point D is a fixed point on the vertical wall

LLLLRRRRRRRR RS

which is at a distance a from the point B of the
wedge, and in the plane of ABC such that AD is
horizontal. One end of a light inextensible string of B

AALTRARARRRRR ALY

length 5a passing over a small smooth pulley fixed

at A is attached to a particle P of mass 2m kept on AC and the other end is attached to the
fixed point D on the wall. A particle Q of mass m is held on AB. The system is released from
the rest with AP = AQ = a. as shown in the figure. Obtain equations sufficient to determine the
velocity of Q relative to the wedge at the instant when the wedge strikes the wall.

7
)
7
7
7
7
7

N

X +y = constant. @
“k+§=0 1) @

a(W,E) =F «

~a(P,W)=F Y (by (1)) @
Also, leta(Q,W) =f l%

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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(for acceleration)

(F — F cos (g)) @ (for equation)

For the system (P, Q, and W), ¢

T = 317&;)+ 2m (F — F cos (g)) +m (F + f cos (g)) @ (for equation)

Applying S = ut + %at2 :

-«— @ azéft2 @

Applying v

SO

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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(b) A thin wire ABCDEF is fixed in a vertical plane,
as shown in the figure. The portion ABC is a thin
smooth semicircular wire with centre O and radius a.
The portion CD is a thin rough horizontal wire of
length a. The portion DEF is also a thin smooth
semicircular wire of radius a. The diameters AC and

R ——

DF are vertical. A small smooth bead P of mass m
is placed at A and is given a velocity u(;\SJag]
horizontally, and begins to move along the wire. It

B

of--=-

is given that the magnitude of the frictional force

on the bead from the wire, during its motion from

C o D, is %mg. Show that the speed v of the

bead P, during its motion from A to C, when OP
makes an angle @ (0<6 <) with OA. is given

by v* = u® — 2ag(1 — cos 6).

Spmmmmmmm e

Show that the speed w of the bead P just before
it leaves the wire at F is given by w? = u*> — 9ag,

and find the reaction on the bead P from the wire
at that instant.

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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By the conservation of energy,

1 1 .
~mv? — mgacosf = 5mu* — mga @ PE (5)+KE (5)+Equation (5)

~ v =u?—-2ga(l— cosH) @

When 6 =7, v2 = u? —4ga

FromCtoD ,«— F =ma:

Snamnr @

_9

f==3

— v2=u?+2as: v12=(u2—4ga)—2-%a

=u? - 5ga.
Using (1), we have w? = v,2 — 4ga
=u? —9ga. @

= ©®
mg—S=m7

m
~ S=mg —E(u2 —9ga)

= %(10ag —u?) @

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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13. One end of a light elastic string of natural length 4a is attached to a fixed point O and the other
end to a particle P of mass m. The particle hangs in equilibrium at a distance 5a below O.
Show that the modulus of elasticity of the string is 4mg.

Now, another particle Q of mass m moving vertically upwards
collides and coalesces with P, and form a combined particle R. The
speed of the particle Q just before it collides with the particle P is
JZ_J'QE‘ Find the velocity with which R begins to move.

Show that, in the subsequent motion while the string is not slack, the
distance x from O to the combined particle R satisfies the equation
X+ 2%(.:—6(:):0 ;

By writing X = x—6a, show that, X + w’X =0 where w= fzi

a

Find the centre of the above simple harmonic motion and using the

formula X?*= w?(c? — X?), find the amplitude c. HHetIsG. Aioor
Show that if k> 3, then the string becomes slack.
Now, let k = 8. Find the time taken by the combined particle R to strike an inelastic horizontal

floor at a distance g—'ﬂ below the point O, from the instant of coalescing of the particles P and Q.

Also, find the maximum height reached by the combined particle R after striking the floor.

For the equilibrium of P,

Pro-mg
Ala A

T0=—=—
=26

®

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
21



https://pastpapers.wiki/

Confidential

Applying [ =A (mv) for P and Q:

TO = 2mu — my/2kga @

o kga
" ’ @
2m

RO
4

u

Applying F = ma for R:

T—2mg=—2m5€'
c )
T =4mg——
g 4a

mg N
Sl (x —4a) — 2mg = —2mi

5c'+2‘ia(x—6a)=0 (D @

Then (1) = )'('+w2X=O,wherew=\/%. @

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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Centre is given by X = 0.

1.e. x = 6a. @

X% = w?(c? - X?) (2)

When x = 5a, we have X = —a and X = —;/Zkga. @

kga _ 9 2 _ 2
Then (2) = Y = 2a (c* —a”).

= ka? = c? — a?.

=>c=+vk+1a. @

Let k > 3. Then, ¢ > 2a.

~ Amplitude > 2a. @

= the string becomes slack. @

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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k=28

Then ¢ = 3a.

Under gravity: T s=ut+ %at2

0 == Utz _%gtzz.

2w 25 10a @
. = —_——= — f— a — _—
2779 T 927 g

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
24



https://pastpapers.wiki/

Confidential

2m
(l)t3:?_a @

1 /2@
=3

w\ 3

=~ The required time = t; + t, + t3

1 ( )+ 10a+ 1 (27t )
T w p-a g w\3 *
10a 2a (2w 1 2
= [—+ —{—+cos‘1 —)—Zcos‘1<
g g3 3

After hitting the floor, R performs only simple harmonic

motion. @
3a

. . 3a
~ The maximum height = St

= 3a @

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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14. (a) Let a and b be non-zero and non-parallel vectors, and A4, u € R.
Show that if Aa+ ub =0, then A =0 and u = 0.
Let ABC be a triangle. The mid-point of AB is D and the mid-point of CD is E. The lines

AE (extended) and BC meel at F. Lel E =a and R‘ = b. Using the triangle law of addition,
a+2b

e
Explain why AF = a AE and CF = CB, where a,f§ ER.

show that AE =

Considering the triangle ACF, show that (a —4f)a + 2(a+26-2)b = 0.

Hence, find the values of a and f.

Let ABC be an equilateral triangle of sides 2a and let D, E, F be the mid points of AB, BC
and AC respectively. Forces of magnitudes 2 P, J3 P, 243 P and a P act respectively along

AB , AE , DC and BC. It is given that the resultant of this system of forces is acting parallel

to AC. Find the value of .
The system of forces is equivalent to a single force of magnitude R acting through A together
with a couple of magnitude G. Find the values of R and G.

Write down the magnitude and the direction of the resultant of this system of forces and find
the distance from A to the point at which the line of action of the resultant meets AB.

A couple of magnitude H is now added to the system. The resultant of this new system acts
through the point B. Find the value of H and the sense of this couple.

(a)
a,b#0and a ¥ b

Aa+wpub=0___ (1)

If/1¢0,theng=—%g. @

This contradicts the given condition.

~ A=0. @

Now, (1) gives us ub = 0

b#0 p=20 @

~A=0andu=0

10 - Combined Mathematics II (Marking Scheme) G.C.E. (A/L) Examination - 2021(2022) ] Amendments to be included.
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AF || AE (or A, E, F are colinear) @
CF || CB (or C, F, B are colinear) :

AF = AC + CF @

. aAE = b+ BCB

a(gzzg) = b+ B(CA + 4B) @
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+ ag+2ab = 4b+4f(-b+ @)
@—4pa+@a+ap-9b=0 (5)
a,b# 0anda k b give us,

a—4f =0or2a+4—-4=0

4 1
sa=—andf ==

® @

T T
> X = 2P+\/§Pcos€—aPcos§

_2P+3P aP
N 2 2

—1 7 P
_E( —a)

TY = \/3_’Psin%+ 2V3P + aPsing @

V3 V3
=7P+2\/§P+7aP

=§(5+a)P
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®

T
/13,

i.e. ?(5+a)P =\/§.%(7—a)P

ca=1 @

A

‘\/j aP<§>+2\/§P<%>—\/§P<%>—2P< ):o.

2

>a=1+4+2-2.

®

>a=1.

R=\/§p<§>+2P(%>+2\/§P<§>+P<%)
3P 2P 6P P
=7+7+7+§

= 6P.
A
A; G =2V3P.a+ P(?).Za @

1
G = 2\/3Pa (1 +§>

G = 3V/3Pa @
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R

Magnitude of the resultant = R = 6P @

Direction:

N

A; 3\/§Pa=6P<§>x @
®
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K\H=6P.a(§)

= 3v3Pa @
Contraclockwise sense K\ @
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15.(a) Two uniform rods AB and BC, each of length 2a, are smoothly
joined at the end B. The weights of the rods AB and BC are W
and 2W, respectively. The end A is smoothly hinged to a fixed

point on a horizontal floor. A particle of weight W is attached
to the point Don rod AB such that AD :g The system is

in equilibrium in a vertical plane such that BAC=6 and the

end-point C of the rod BC on a rough portion of the above
horizontal floor, as shown in the figure. The coefficient of friction

- 15
between the rod BC and the floor is u. Show that cot @ = 4.

Find the reaction exerted on AB by CB at the joint B.

(b) The framework shown in the figure consists of
five light rods AB, BC, CD, DA and DB of
equal lengths smoothly jointed at their ends.
A load W is suspended at the joint D and the
framework is smoothly hinged at A 1o a fixed
point and kepl in equilibrium in a vertical plane
with BD vertical by a force P applied to it at
the joint C and perpendicular to the rod CD,
in the direction shown in the figure.

(i) Find the value of P.

(i) Draw a stress diagram using Bow’s notation for the joints C, B and D.

Hence, find the stresses in the rods, stating whether they are lensions or thrusts.

For the system;

»,

a
R.4acos® —w(—cosB +acost9) —2w(2acosf +acosf) =0

2

®

0

n 7
7 7777

BC:

B) 2wacosf + F2asinf —R.2acosf =0

~w+ Ftan8 =R
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15
~ Ftan@ =§w—w.

~F Z%WCOtH. @

For the Equilibrium,

Uu=z-—.

7 g < 15
gWCO _,Ll?W

sz (5
cotd < —p.

R* = X*+Y?
49 w?

= — 2 tzg —_
64W co +64

w
R = 5\/1 + 49 cot?0 @

Y W/8 tan 6
tana =< == =
X /W/ocotd 7

= tan-1 (tan 0) @
7
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h

T
A Pcos€.2x—Wx=0 @

(Here AC = 2x)
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Tension magnitude - @ each

Tension/Thrust @

All 5 correct @
4 correct

3 correct @
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16. Show that the centre of mass of

(i) a thin uniform wire in the shape of a semi-circular arc of radius a, is at a distance 21: from
its centre, ’

(ii)) a uniform hollow right circular cone of height & is at a distance l‘h from the centre of the
base of the cone. .

A bucket is made by rigidly fixing to a uniform thin shell in the shape
of a frustum of hollow right circular cone of radii of the upper and
lower circular rims 2a and a, respectively and height % the following

parts at the places each meets this shell as shown in the figure:
o A uniform thin circular plate of radius ¢ and centre at O.
e A uniform thin shell in the shape of a hollow right circular cylinder
of radius a and height 21 .
e A uniform thin wire in the shape of a semi-circle of radius 2a
and centre at C.
The mass per unit area of the frustum, plate and the cylinder is &
and the mass per unit length of the wire is llao.
Show that the distance from O to the centre of mass of the bucket is (I{I;r+27}§%r_-.
Find the angle OC makes with the downward vertical in the equilibrium position, when the bucket
is hanged freely by a vertical string from the point A at which the wire meets the upper rim of
the frustum.

(@)

Semi-circular wire

By Symmetry, centre of mass G lies on x —axis. @

Am = alA6fp, where p is the mass per unit length.

Let OG = x.
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©

T
f:{;z ap acos 0 d@ a sin 6 _,{/22| 2a

=36

X =

f:{;Z ap do g L |

/2

By Symmetry, centre of mass G lies on x —axis. @
h =1lcos@

Am = 2n(x sin 8)Axo, where o is the mass per unit length.

® ®

Jyxcos® 2moxsinfdx  cos® [ x*dx /27 (| 2h

X =

fol 2mox sin 6 dx fol x dx xz ! 3

® ©

h
". The required distance = 5
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Mass Distance from O(T)

m(2a)(11ao) 2@ 4 4a

a+ sa+—
= 22na’o @ s 3

m(2a) (? a) o

20
— 2
370 @

w(a) (g a) o

5
= gnaza @

) 2
ma (g a) o

5
22ma’c + —ma’o + §na20

+4 2
3naa

_88 2
—377.'(10' @

By symmetry, centre of mass lies on the x —axis. @

88 B 4 4q 20 4 5 4
?nazax = 22ma’c (ga + —) + —mnac (5 a) — §na20 (— —a

T 3

88 <22+22+20+5 1)
3 XTI T 27277

9

22

27

88_ _ ., (10 22
3%~ N7 %
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271

?f _ 884 <(107‘[ + 27)>

a
%= (107 + 27) @
ot
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|I7.(_u] Two identical boxes A and B, each contains 10 balls which are identical in all respects except
for their colour. The box A contains 6 white balls and 4 red balls, and the box B contains 8
white balls and 2 red balls. A box is chosen at random and 3 balls are drawn from that box
at random, one after the other, without replacement. Find the probability that

(i) two red balls and one white ball are drawn,
(ii) the box A was chosen, given that two red balls and one white ball are drawn.

Let the mean and the standard deviation of the set of data {x,,x,,...,x,} be ¥ and O,
: xX—-a .
respectively, and let y, = —*--ﬁ—— for i=1,2,....n where «« and f (>0) are real constants. Show
—_X-a _
that ¥ = B and H}.—’,—;‘.

deviation of the set of data {,\’,._\rz, m.'\’"}.

where ¥y and O, are respectively the mean and the standard

Monthly instalments for an insurance scheme by 100 employees of a company are given in
the following frequency table:

Monthly Instalment (rupees)
x

1500 — 3500 30
3500 — 5500 40
5500 — 7500 20
7500 — 9500 10

Number of employees

x-500
1000

and also the coefficient of skewness of y defined by

By means of the transformation y= , estimate the mean and the standard deviation of y,

3(mean —median)
standard deviation -

Hence, estimate the mean, the standard deviation and the coefficient of skewness of x.

Let X be the event that two red balls and one white ball are drawn.

(i) PX)=PX|APA)+PX|B)P(B)________ (1) @

P(A) =P(B) = % @
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Now (1) given as,

P(X) > 1+ tr_u
= X— 4 — X—= —
10 72 15 72 60

P(A|X) = % @ [or Bayes’ theorem]
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; ®
02_ ?=1(yi_y)

Y n

- (xi—a_ E—a)z
— B B
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® 6 ®

Class Class Mid- fy fy?
Interval x Interval | pointy

y
1500-3500 1-3

2
3500-5500 3-5 4
6
8

60

5500-7500 5-7
7500-9500 7-9

= = —4.22
jwo

= V21.2-17.64

=V3.56 =~ 1.887

®

Let M;, = Median of y = 50" data

Then
50—-30
m,=3+80730 53y @

» The coefficient of skewnes: _ _ 3(42—4)
V3.56

@ 50
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x = 1000y + 500

= 1000 x 4.2 + 500

= 4700 @

g = 1000 gy,

~ 1000 x 1.887

- 157 ()

The coefficient of skewness does not change.

Sy =S, ~0317 @
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